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ABSTRACT. We develop an abstract theory of noncommutative dimension theories, and we
show that the common theories fit into this setting, in particular the real and stable rank,
the topological dimension, the decomposition rank and the nuclear dimension. Then we
show how to compute or estimate the dimension theories of certain classes of C∗-algebras,
in particular subhomogeneous and type I C∗-algebras.

We prove some connections between the low dimensional cases in the different theories
for type I algebras. As an application, we show that type I algebras with stable rank one
have torsion-free K0-groups.

Our techniques alow to reduce essentially every question about dimension theories to
the case of separableC∗-algebras. We will present applications of this by generalizing inter-
esting results of Winter and Lin from the separable to the general case.

The theory of C∗-algebras is often considered as non-commutative topology, which is
justified by the natural duality between unital, commutative C∗-algebras and the category
of compact, Hausdorff spaces.

Given this fact, one tries to transfer concepts from commutative topology toC∗-algebras,
and we will focus on the theory of dimension. In fact there are different non-commutative
dimension theories (often called rank), and we will give an abstract setting to study these
theories.

The low-dimensional case of these theories is of most interest. One reason is that the
low-dimensional cases often agree for different theories. But more importantly, low di-
mension (in any dimension theory) is considered as a regularity property.

Such regularity properties are very important for proving the Elliott conjecture, which
predicts that separable, nuclear, simple C∗-algebras are classified by their Elliott invariant,
a tuple consisting of ordered K-theory, the space of traces and a pairing between the two.
There are counterexamples to this general form of the conjecture, but if one restricts to
certain subclasses that are regular enough, then the conjecture has been verified.

It is interesting that many regularity properties are statements about a certain dimen-
sion theory. The obvious example is the requirement of real rank zero, which implies that
the C∗-algebra has many projections. In this setting many classification results have been
obtained, although real rank zero is not enough to verify the Elliott conjecture.
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This paper proceeds as follows:

In Section 2 we propose a set of axioms for a (non-commutative) dimension theory, see
Definition 2.1. As we will see, these axioms allow to reduce essentially every question
about dimension theories to the case of separable C∗-algebras, see Lemma 2.9.

In the following Sections 3, 4 and 5 we study the real and stable rank, the topological
dimension, and the decomposition rank and nuclear dimension. We will show that these
theories satisfy our axioms of a dimension theory. For most cases this follows from known
results, but for the topological dimension the verification of the axioms is rather involved.
For each theory, we study whether it is Morita-invariant, 2.7, and how it behaves with re-
spect to extensions, tensoring with matrices or stabilizing, tensor products and pullbacks.

In the following Sections 6 and 7 we show how to compute the dimension theories
of homogeneous, continuous-trace and subhomogeneous C∗-algebras. This is mainly a
presentation of known results, sometimes generalized from the separable to the non-
separable case. Since the structure of these C∗-algebras is pretty well-understood, it is
possible to compute their dimension theories explicitly, or at least give good estimates, see
Proposition 6.10 and 7.3.

In Section 8 we study the dimension theory of type I C∗-algebras. The main result of
this section estimates the real and stable rank in terms of the topological dimension, see
Theorem 8.7, a result that seems not to have appeared in the literature so far.

Then we will study type I C∗-algebras that are low-dimensional in the sense of the dif-
ferent dimension theories. We show that all considered dimension theories (except the
stable rank) do agree for dimension zero, see Proposition 8.11. This is not longer true for
dimension one, where we need to distinguish whether a C∗-algebra is residually stably
finite or not, see 8.21. We also show that a type I C∗-algebra with stable rank one has
torsion-free K0-group, see 8.23.

In the last Section 9 we present a few examples of C∗-algebras and their dimension the-
ories.

This article is based on the diploma thesis of the author, [Thi09], which was written un-
der the supervision of Wilhelm Winter at the university of Münster in 2009.

1. PRELIMINARIES

By a morphism between C∗-algebras we mean a ∗-homomorphism, and by an ideal of a
C∗-algebra we understand a closed, two-sided ideal. We use the notation I �A to indicate

that I is an ideal of A. If A is a C∗-algebra, then we denote by Ã its minimal unitalization.
We denote the set of self-adjoint elements by Asa, and the set of invertible elements by
A−1 (if A is unital). The primitive ideal space of A will be denoted by Prim(A), and the

spectrum by Â.
If F,G ⊂ A are two subsets of a C∗-algebra, and ε > 0, then we write F ⊂ε G if for every

x ∈ F there exists some y ∈ G such that ‖x− y‖ < ε.
We denote by K the C∗-algebra of compact operators on an infinite-dimensional, sepa-

rable Hilbert space.
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1.1. An inductive system is a collection of C∗-algebras (Ai)i∈I , indexed over some directed
set I , together with morphisms ϕj,i : Ai → Aj for each indices i ≤ j and such that ϕk,j ◦
ϕj,i = ϕk,i for each indices i ≤ j ≤ k. The inductive limit of such an inductive system
is constructed as follows: First consider the algebraic inductive limit, L := (

∐
i∈I Ai)∼,

where the equivalence relation ∼ identifies any two elements ai ∈ Ai and aj ∈ Aj if for
some index k ≥ i, j we have ϕk,i(ai) = ϕk,j(aj). For ai set ‖ai‖ := limj≥i ‖ϕj,i(ai)‖, which
defines a seminorm on L. Then the completion of L/{ai | ‖ai‖ = 0} is a C∗-algebras,
usually denoted by lim

−→
Ai. We denote the canonical morphisms into the inductive limit by

ϕ∞,i : Ai → lim
−→

Ai.

1.2. We denote by C∗ab the category whose objects are commutative C∗-algebras, and whose
morphisms are ∗-homomorphisms. As pointed out in [Bla06, II.2.2.7, p.61], this category
is dually equivalent to the category SP∗ whose objects are pointed, compact Hausdorff
spaces and whose morphisms are pointed continuous maps.

For a locally compact, Hausdorff space X , let X+ be the compact, Hausdorff space ob-
tained by attaching one additional point x∞ to X , i.e., X+ = X ⊔{x∞} (disjoint union) ifX
is compact, and otherwise if X is not compact, then X+ is the one-point compactification
of X which we also denote by αX . In both cases, the basepoint of X+ is the attached point
x∞. For a pointed space (X, x∞) ∈ SP∗ define:

C0(X, x∞) := {f : X → C | f(x∞) = 0}.(1)

Then, the dual equivalence between C∗ab and SP∗ is given by the following (contravari-
ant) functors:

A 7→ (Prim(A)+, x∞), (X, x∞) 7→ C0(X, x∞).(2)

Thus, to study the dimension theory of commutative C∗-algebras is equivalent to study
the dimension theories of pointed, compact Hausdorff spaces.

1.3. For a space X , we denote by Covfin(X) the collection of finite, open covers of X . For
two covers U ,V ∈ Covfin(X), we write U ≤ V if the cover U refines the cover V , i.e., for
every U ∈ U there exists V ∈ V such that U ⊂ V . The order of a covering, denoted by
ord(U), is the least integer k such that some point x ∈ X is contained in k different elements
of U . We refer the reader to chapter 2 of Nagami’s book [Nag70] for definitions and further
explanations.

The covering dimension of X , denoted by dim(X), is the smallest integer n ≥ 0 (or∞)
such that:

∀ U ∈ Covfin(X) ∃ V ∈ Covfin(X) : V ≤ U , ord(V) ≤ n+ 1(1)

It was pointed out by Morita, [Mor75], that in general this definition of covering dimen-
sion should be modified to consider only normal, finite open covers. However, for normal
spaces (e.g. compact spaces) every finite, open cover is normal, so that we may use the
original definition.

The local covering dimension of X , denoted by locdim(X), is the smallest integer n ≥ 0
(or ∞) such that every point x ∈ X is contained in a closed neighborhood F such that
dim(F ) ≤ n. We refer the reader to [Dow55] and [Pea75, Chapter 5] for more information
about the local covering dimension.
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It was noted by Brown and Pedersen, [BP09, Section 2.2 (ii)], that locdim(X) = dim(αX)
for a locally compact, Hausdorff space X . We propose that for a pointed space (X, x∞) ∈
SP∗, the natural dimension to consider is dim(X) = locdim(X \ {x∞}). Then, for a com-
mutative C∗-algebra A, the natural dimension is locdim(Prim(A)).

If G ⊂ X is an open subset of a locally compact space, then locdim(G) ≤ locdim(X), see
[Dow55, 4.1]. It was also shown by Dowker that this does not hold for the usual covering
dimension (of non-normal spaces).

1.4. Let A be a C∗-algebra. A family B of sub-C∗-algebras of A is said to approximate1 A,
if for every finite subset F ⊂ A, and ε > 0, there exists some C∗-algebra B ∈ B such that
F ⊂ε B.

Let P be some property of C∗-algebras, and assume A is approximated by sub-C∗-
algebras with property P . Then we say that A is P-like2, see [Thi11, Definition 3.2]. This
is motivated by the concept of P-likeness for commutative spaces, as defined in [MS63,
Definition 1] and further developed in [MM92].

Let P be a non-empty class of pointed, compact spaces. Another pointed, compact
space (X, x∞) is said to be P-like if for every U ∈ Covfin(X) there exists a (pointed) map
f : X → Y onto some Y ∈ P and V ∈ Covfin(Y ) such that f−1(V) ≤ U .

Note that we have used P to denote both a class of spaces and a property that spaces
might enjoy. These are just different viewpoints, as we can naturally assign to a property
the class of spaces with that property, and vice versa to each class of spaces the property
of lying in that class.

Similarly to [Thi11, Proposition 3.4], one can show that for (X, x∞) ∈ SP∗ and a collec-
tion P ⊂ SP∗ the following are equivalent:

(a) (X, x∞) is P-like
(b) C0(X, x∞) can be approximated by sub-C∗-algebras C0(Y, y∞) with (Y, y∞) ∈ P

We note that the definition of covering dimension can be rephrased as follows. Let Pk

be the collection of all k-dimensional polyhedra (polyhedra are defined by combinatoric
data, and their dimension is defined by this combinatoric data). Then a compact space X
satisfies dim(X) ≤ k if and only if it is Pk-like.

1.5. Recall that a unital C∗-algebra A is called finite, if for any x, y ∈ A with xy = 1 we also

have yx = 1. A (not necesarily unital) C∗-algebra A is called stably finite, if Ã⊗Mk is finite

for every k ≥ 1. Equivalently, Ã⊗Mk is finite for every k ≥ 1, or equivalently Ã⊗K is
finite. A C∗-algebra is called residually stably finite if each of its quotients is stably finite.

1.6. Recall that a group G is called torsion-free if g = 0 whenever ng = 0 for some n ≥ 1
and g ∈ G. For a group G, let Gtor denote the subgroup of torsion-elements.

Let G = (Gi, ϕji) be an inductive system (also called directed system) of groups, and
recall that its inductive limit, denoted by lim

−→
G or lim

−→
Gi, is defined as the equivalence

classes of
∐

iGi by the relation that identifies two elements g ∈ Gi, h ∈ Gj whenever
ϕik(g) = ϕjk(h) for some k ≥ i, k. The maps ϕji : Gi → Gj map the torsion subgroup (Gi)tor

1In the literature there also appears the formulation ‘B locally approximates A’.
2A is also called ‘locally P ’, see also [Thi11, 3.1 - 3.3].
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into (Gj)tor. Thus, we get a natural subsystem Gtor = ((Gi)tor, ϕji), and a quotient system
G/Gtor = (Gi/(Gi)tor, [ϕji]).

We collect some algebraic facts about torsion-free groups.

(1) A subgroup of a torsion-free group is again torsion-free.
(2) Let 0 → A → B → C → 0 be a short exact sequence of abelian groups. If A and C are

torsion-free, then so is B.
(3) Let G = (Gi, ϕji) be an inductive system of groups, with inductive limit G := lim

−→
G.

Then Gtor
∼= lim
−→
Gtor and G/Gtor

∼= lim
−→

(G/Gtor). Thus, if all Gi are torsion-free, then so
is their inductive limit G.

Recall that K-theory is continuous in the sense that K∗(lim−→
Ai) = lim

−→
K∗(Ai) for ∗ =

0, 1. Hence, if A = lim
−→

Ai is a direct limit of C*-algebras Ai with K∗(Ai) torsion-free, then
K∗(A) is torsion-free. Note that the Ai are not required to be unital, and the connecting
morphisms are not required to be injective or unital.

Similarly, we get the following. Let A be a C∗-algebra that is approximated by a collec-
tion (Ai)i∈I of sub-C∗-algebras. If each K∗(Ai) is torsion-free, then K∗(A) is torsion-free,
for ∗ = 0, 1.

2. DIMENSION THEORIES FOR C∗-ALGEBRAS

In this section we propose a set of axioms for a non-commutative dimension theory. These
axioms are generalizations of properties of the dimension of locally compact, Hausdorff
spaces. Below we will see that the axioms are satisfied by many theories, in particular the
real and stable rank, the topological dimension, the decomposition rank and the nuclear
dimension.

Definition 2.1. Let C be a class of C∗-algebras that is closed under taking ideals, quotients,
finite direct sums, and minimal unitalizations. A dimension theory for C is an assignment
d : C → N = {0, 1, 2, . . . ,∞} such that d(A) = d(A′) if A ∼= A′, and moreover the following
axioms are satisfied:

(D1) d(I) ≤ d(A) whenever I � A is an ideal in A,
(D2) d(A/I) ≤ d(A) whenever I � A,
(D3) d(A⊕B) = max{d(A), d(B)},

(D4) d(A) = d(Ã).
(D5) If A is approximated by sub-C∗-algebras3 B ⊂ A with d(B) ≤ n, then d(A) ≤ n.
(D6) For every separable sub-C∗-algebra C ⊂ A, there exists a separableC∗-algebraD ∈ C

such that C ⊂ D ⊂ A and d(D) ≤ d(A).

Proposition 2.2. Let d : C → N be a dimension theory, and let (Ai, ϕi,j) be an inductive system
(see 1.1) withAi ∈ C and such that the limitA := lim

−→
Ai also lies in C. Then d(A) ≤ lim inf i d(Ai).

Proof. For each i, the sub-C∗-algebra im(ϕ∞,i) ⊂ A is a quotient of Ai, and therefore
d(im(ϕ∞,i)) ≤ d(Ai) by (D2). If J ⊂ I is cofinal, then A is approximated by the collection

3We implicitly assume that the approximating sub-C∗-algebrasB lie in the class C so that d(B) is defined.
Note that we do not assume that C is closed under approximation by sub-C∗-algebra, we do not even assume
C is closed under inductive limits.
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of sub-C∗-algebras (im(ϕ∞,i))i∈J . Then by (D5), d(A) is bounded by supi∈J d(Ai). Since this
holds for each cofinal subset J ⊂ I , we obtain:

d(A) ≤ inf{sup
i∈J

d(Ai) | J ⊂ I cofinal} = lim inf
i

d(Ai),

as desired. �

Remark 2.3. The axioms in Definition 2.1 are inspired by well-known facts of the local
covering dimension of commutative spaces, see 1.3.

Let us see how the axioms translate to the commutative setting. Axiom (D1) and (D2)
generalize the fact that the local covering dimension does not increase when passing to
an open (resp. closed) subspace (we think of ideals and quotients of a C∗-algebra as
the generalization of open and closed subsets), and axiom (D3) generalizes the fact that
locdim(X ⊔ Y ) = max{locdim(X), locdim(Y )}. Axiom (D4) generalizes that locdim(X) =
locdim(αX), where αX is the one-point compactification of X .

Axiom (D5) generalizes the fact that a (compact) space is n-dimensional if it is P-like
for some class P of n-dimensional spaces, see 1.4. The immediate consequence noted
in Proposition 2.2 generalizes the fact that dim(lim

←−
Xi) ≤ lim inf i dim(Xi) for an inverse

system of compact spaces Xi.
Axiom (D6) is a generalization of the following factorization theorem, due to Mardešić,

see [Mar60, Lemma 4]: Given a compact space X and a map f : X → Y to a compact,
metrizable space Y , there exists a compact, metrizable spaceZ and maps g : X → Z, h : Z →
Y such that g is onto, dim(Z) ≤ dim(X) and f = h ◦ g. This generalizes (D6), since for a
unital, commutative C∗-algebra C(X) the following are equivalent: C(X) is separable, X
is metric, X is second countable, X is separable.

Axioms (D5) and (D6) are also related to the following concept which is due to Black-
adar, [Bla06, Definition II.8.5.1, p.176]: A property P of C∗-algebras is called separably
inheritable if:

(i) For every C∗-algebra A with property P and separable sub-C∗-algebra C ⊂ A,
there exists a separable sub-C∗-algebra D ⊂ A that contains C and has property P ,

(ii) For every inductive system (Ak, ϕk) with injective connecting morphisms if sepa-
rable C∗-algebra An that have property P , the inductive limit lim

−→
Ak has property

P .

Thus, for a dimension theory d, the property ‘d(A) ≤ n’ is separably inheritable.
Axioms (D5) and (D6) imply that d(A) ≤ n if and only ifA can be written as an inductive

limit (with injective connecting morphisms) of separable C∗-algebras B with d(B) ≤ n.

Proposition 2.4. The assignment d : C∗ab → N, d(A) := locdim(Prim(A)), is a dimension theory.

Proof. Note that Prim(A) is a locally compact, Hausdorff space. Axioms (D1) and (D2) fol-
low from [Dow55, 4.1, 3.1]. Axiom (D3) is easy to check, and (D4) holds since locdim(X) =
locdim(αX), see 1.3.

Note that a compact space X satisfies dim(X) ≤ k if it is P-like for some class P consist-
ing of k-dimensional spaces (meaning that their covering dimension is at most k). Then
axiom (D5) follows from 1.4, and axiom (D6) follows from [Mar60, Lemma 4]. �
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Lemma 2.5. Let A be a C∗-algebra, and B ⊂ A a full, hereditary sub-C∗-algebra, and C ⊂ A a
separable sub-C∗-algebra. Then there exists a separable sub-C∗-algebra D ⊂ A containing C such
that D ∩ B ⊂ D is full, hereditary.

Proof. The proof is inspired by the arguments of [Bla78, Proposition 2.2], see also [Bla06,
II.8.5.6, p.178]. We inductively define separable sub-C∗-algebras Dk ⊂ A. Set D0 := C, and
assume Dk−1 has been constructed. Let Sk := {xk1, x

k
2, . . .} be a countable, dense subset of

Dk. Since B is full in A, there exist for each i ≥ 1 finitely many elements aki,j, c
k
i,j ∈ A and

bki,j ∈ B such that

‖xki −
∑

j

aki,jb
k
i,jc

k
i,j‖ < 1/k.

Set Dk := C∗(Dk−1, a
k
i,j, b

k
i,j, c

k
i,j, i, j ≥ 1). Then define D :=

⋃
kDk, which is a separable

sub-C∗-algebra of A containing C.
Note that D ∩ B ⊂ D is a hereditary sub-C∗-algebra, and let us check that it is also

full. We need to show that the linear span of D(D ∩ B)D is dense in D. Let d ∈ D
and ε > 0 be given. Note that

⋃
k Sk is dense in D. Thus, we may find k and i such that

‖d−xki ‖ < ε/2. We may assume k ≥ 2/ε. By construction, there are elements aki,j, c
k
i,j ∈ Dk+1

and bki,j ∈ Dk+1∩B ⊂ D∩B such that ‖xki −
∑

j a
k
i,jb

k
i,jc

k
i,j‖ < 1/k. It follows that the distance

from d to the closed linear span of D(D ∩B)D is at most ε. �

Proposition 2.6. Let d : C∗ → N be a dimension theory. Then the following statements are equiv-
alent:

(1) For all C∗-algebras A,B: If B ⊂ A is a full, hereditary sub-C∗-algebra, then d(B) = d(A).
(2) For all C∗-algebras A,B: If A and B are Morita equivalent, then d(A) = d(B).
(3) For all C∗-algebras A: d(A) = d(A⊗K).

Moreover, each of the statements is equivalent to the (a priori weaker) statement where the appearing
C∗-algebras are additionally assumed to be separable.

If d satisfies the above conditions, and B ⊂ A is a (not necessarily full) hereditary sub-C∗-
algebra, then d(B) ≤ d(A).

Proof. For each of the statements (1), (2), (3), let us denote the statement where the appear-
ing C∗-algebras are assumed to be separable by (1s), (2s), (3s) respectively. For example:

(3s) For all separable C∗-algebras A: d(A) = d(A⊗K).

Then the implications ‘(1)⇒ (1s)’, ‘(2)⇒ (2s)’, ‘(3)⇒ (3s)’ clearly hold.
‘(2s)⇒ (3s)’ follows since A and A⊗K are Morita equivalent.
‘(1s)⇒ (3s)’ follows since A ⊂ A⊗K is a full, hereditary sub-C∗-algebra.
‘(3s) ⇒ (1)’: Let A be a C∗-algebra, and B ⊂ A a full, hereditary sub-C∗-algebra. We

need to show d(B) = d(A).
We will approximate A by separable sub-C∗-algebras D ⊂ A such that d(D ∩ B) =

d(D) ≤ min{d(B), d(A)}. From this it easily follows that d(B) = d(A).
So let H ⊂ A be a finite set. We want to find D with the mentioned properties and

H ⊂ D. We inductively define separable sub-C∗-algebras F̃k ⊂ B, Ek, Gk ⊂ A such that:

(a) Ek ⊃ Gk−1 and Ek ∩ B ⊂ Ek is full
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(b) F̃k ⊃ Ek ∩ B and d(F̃k) ≤ d(B)

(c) Gk ⊃ F̃k, Ek and d(Gk) ≤ d(A)

We start with G0 := C∗(H) ⊂ A. If Gk−1 has been constructed, we apply Lemma 2.5 to
find Ek satisfying (a). If Ek has been constructed, we apply axiom (D6) to Ek ∩ B ⊂ B to

find F̃k satisfying (b). If F̃k has been constructed, we apply axiom (D6) to C∗(F̃k, Ek) ⊂ A
to satisfy (c).

Set D :=
⋃

k Ek =
⋃

kGk, which is a separable sub-C∗-algebra of A that contains H .
Since D is approximated by (Gk)k, we have d(D) ≤ d(A) by axiom (D5). Note that D ∩ B

is approximated by (F̃k)k, and therefore d(D ∩ B) ≤ d(B). Moreover, it is easy to check
that D ∩ B ⊂ D is a full, hereditary sub-C∗-algebra. Since D is separable, we may apply
Brown’s stabilization theorem, [Bro77], and obtain (D ∩B)⊗K ∼= D ⊗K. By assumption,
d(D ∩B) = d((D ∩B)⊗K) = d(D ⊗K) = d(D). This finishes the construction of D.

Lastly, if d satisfies condition (1), and B ⊂ A is a (not necessarily full) hereditary sub-C∗-
algebra, then B is full, hereditary in the ideal I�A generated by B. By (D1) and condition
(1) we have d(B) = d(I) ≤ d(A). �

Definition 2.7. A dimension theory d : C∗ → N is called Morita-invariant if it satisfies the
conditions of Proposition 2.6.

Proposition 2.8. Let d : C → N be a dimension theory. For any C∗-algebra A define4:

d̃(A) := inf{k ∈ N | A is approximated by sub-C∗-algebras B ⊂ A with d(B) ≤ k}.(1)

Then d̃ : C∗ → N is a dimension theory that agrees with d on C.
If moreover C was closed under stable isomorphism, and d(A) = d(A⊗K) for every (separable)

A ∈ C, then d̃ is Morita-invariant.

Proof. If A ∈ C, then clearly d̃(A) ≤ d(A), and the converse inequality follows from axiom

(D5). Axioms (D1)-(D5) for d̃ are easy to check.
Let us check axiom (D6). Assume C ⊂ A is separable, and let n := d(A), which we

may assume is finite. We first note the following: For a finite set F ⊂ A, and ε > 0 we
can find a separable sub-C∗-algebra A(F, ε) ⊂ A with d(A(F, ε)) ≤ n and F ⊂ε A(F, ε).

Indeed, by definition of d̃ we can first find a sub-C∗-algebra B ⊂ A with d(B) ≤ n and
a finite subset G ⊂ B such that F ⊂ε G. Applying (D6) to C∗(G) ⊂ B, we may find a
separable sub-C∗-algebra A(F, ε) ⊂ B with d(A(F, ε)) ≤ n and C∗(H) ⊂ A(F, ε), which
implies F ⊂ε A(F, ε).

We will inductively define separable sub-C∗-algebras Dk ⊂ A and countable dense sub-
sets Sk = {xk1, x

k
2, . . .} ⊂ Dk as follows: We start with D1 := C and choose any countable

dense subset S1 ⊂ D1. If Di and Si have been constructed for i ≤ k, then set:

Dk+1 := C∗(Dk, A({x
j
i}i,j≤k, 1/k)) ⊂ A,(2)

and choose any countable dense subset Sk+1 = {x
k+1
1 , xk+1

2 , . . .} ⊂ Dk+1.

4By definition, the infimum over the empty set is∞ ∈ N. We implicitly assume that the approximating
subalgebras lie in C.
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Set D :=
⋃

kDk ⊂ A, which is a separable C∗-algebra containing C. Let us check that

d̃(D) ≤ n. Note that {xji}i,j≥1 is dense in D. Thus, if a finite subset F ⊂ D, and ε > 0

is given, we may find k such that F ⊂ε/2 {x
j
i}i,j≤k, and we may assume k > 2/ε. By

construction, D contains the sub-C∗-algebra B := A({xji}i,j≤k, 1/k), which satisfies d(B) ≤

n and {xji}i,j≤k ⊂1/k B. Then F ⊂e B, which completes the proof that d̃(D) ≤ n.
Lastly, assume C is closed under stable isomorphism, and d(A) = d(A ⊗ K) for every

separable A ∈ C. We want to check condition (3) of Proposition 2.6 for d̃. So let A be any
separable C∗-algebra.

If d̃(A) =∞, then clearly d̃(A⊗K) ≤ d̃(A). So assume n := d̃(A) <∞, which means that
A is approximated by sub-C∗-algebras (Ai)i with d(Ai) ≤ n. ThenA⊗K is approximated by

the sub-C∗-algebras (Ai⊗K)i, and d(Ai⊗K) = d(Ai) ≤ n by assumption. Then d̃(A⊗K) ≤

n = d̃(A).

Conversely, if d̃(A⊗K) =∞, then d̃(A) ≤ d̃(A⊗K). So assume n := d̃(A⊗K) <∞, which
means that A⊗K is approximated by sub-C∗-algebras (Ai)i with d(Ai) ≤ n. Consider the
full, hereditary sub-C∗-algebra A ⊗ e1,1 ∈ A ⊗ K, which is isomorphic to A. Then A⊗ e1,1
is approximated by the C∗-algebras Bi := e1,1Aie1,1. Note that Bi is a hereditary sub-C∗-
algebra of Ai. Since Bi and Ai are separable, we get from Brown’s theorem that Bi is stably
isomorphic to an ideal of Ai, and then d(Bi) ≤ d(Ai) from (D1) and the assumption. Then

d̃(A) ≤ n = d̃(A⊗K). Together we get d̃(A) = d̃(A⊗K), as desired. �

2.9. Axioms (D5) and (D6) allow to reduce essentially every question about dimension
theories to the case of separable C∗-algebras. Put differently, it is enough to prove a state-
ment about dimension theories for separable C∗-algebras, with the benefit that separable
C∗-algebras are often easier to work with.

It is of course impossible to prove such a meta-statement. We just mention that one can
for instance prove the following:

(i) Let d : C∗ → N be a dimension theory, A a C∗-algebra, I � A an ideal, and C ⊂ A
a separable sub-C∗-algebra. Then there exists a separable sub-C∗-algebra D ⊂ A
such that d(D ∩ I) ≤ d(I) and d(D/(D ∩ I)) ≤ d(A/I).

We will use these techniques to extend interesting results from the separable case to
general C∗-algebras, in particular a theorem of Winter, [Win04, Theorem 1.6], computing
the decomposition rank of subhomogeneous C∗-algebras, see Proposition 7.3, and a result
of Lin, [Lin97], characterizing type I C∗-algebras of real rank zero, see Proposition 8.11.

3. STABLE AND REAL RANK

The first generalization of classical dimension theory to non-commutative spaces was the
stable rank as introduced by Rieffel, [Rie83]. It is a generalization of the characterization
of dimension by fragility of maps.

Later, Brown and Pedersen defined the real rank in a similar way, see [BP91]. Neverthe-
less the real rank often behaves much different from the stable rank, but in some situations
the two theories are dual to each other, see Proposition 8.12.
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3.1. Let A be a unital C∗-algebra. Define:

Lgn(A) := {(a1, . . . , an) ∈ A
n |

n∑

i=1

a∗i ai ∈ A
−1},(1)

Lgn(A)sa := Lgn(A) ∩ (Asa)
n = {(a1, . . . , an) ∈ (Asa)

n |

n∑

i=1

a2i ∈ A
−1},(2)

where A−1 denotes the set of invertible elements of A. The abbreviation ‘Lg’ stands for
‘left generators’, and the reason is that a tuple (a1, . . . , an) ∈ A

n lies in Lgn(A) if and only
if {a1, . . . , an} generate A as a left (not necessarily closed) ideal, i.e., Aa1 + . . .+ Aan = A.

Let µ : An → A be defined as µ(a1, . . . , an) :=
∑

i a
∗
i ai. Then Lgn(A) = µ−1(A−1). A unital

morphism ϕ : A→ B sends A−1 to B−1, and therefore also Lgn(A) to Lgn(B).

Definition 3.2 (Rieffel, [Rie83, Definition 1.4], Brown, Pedersen, [BP91]). Let A be a C∗-
algebra. Assume first that A is unital. The stable rank of A, denoted by sr(A), is the least
integer n ≥ 1 (or∞) such that Lgn(A) is dense in An. The real rank of A, denoted by rr(A),
is the least integer n ≥ 0 (or∞) such that Lgn+1(A)sa is dense in An+1

sa .

If A is not unital, define sr(A) := sr(Ã) and rr(A) := rr(Ã).

Remark 3.3. There is a subtlety of indices in the above definition. Just to make things clear,
we have:

(1) sr(A) ≤ n :⇔ Lgn(Ã) ⊂ (Ã)n is dense.

(2) rr(A) ≤ n :⇔ Lgn+1(Ã) ⊂ (Ãsa)
n+1 is dense.

The smallest possible value of the stable rank is one. If A is unital, then Lg1(A) consists
precisely of the left-invertible elements of A. Thus, A has stable rank one if and only if the
left-invertible elements of A are dense in A. It was shown in [Rie83, Proposition 3.1] that
this is also equivalent to the condition that the invertible elements of A are dense in A.

On the other hand, the smallest possible value of the real rank is zero, which by defini-
tion happens precisely if the self-adjoint (left-)invertible5 elements in A are dense in Asa.

Theorem 3.4. The real and stable rank are dimension theories in the sense of Definition 2.1 for the
class of all C∗-algebras.

Proof. Axioms (D1) and (D2) are shown in [Rie83, Theorems 4.3, 4.4] for the stable rank,
and in [EH95, Théorème 1.4] for the real rank. Axiom (D3) is easily verified, and (D4)
holds by definition.

The special case of (D5) for countable inductive limits is shown in [Rie83, Theorem 5.1],
but the same argument works for general approximations and also for the real rank. It is
noted in [Bla06, II.8.5.5, p.178] that (D6) holds. �

3.5. To obtain interesting results in non-stable K-theory, see e.g. [Rie87], and to compute
the stable rank of an extension, see Proposition 3.10, it is useful to study the fine structure
of Lgn(A). We need some notation.

Let Gln(A) denote the group of invertible elements in Mn(A) = A ⊗Mn, and Gln(A)0
the connected component of Gln(A) containing the identity. Note that Gln(A) acts on An

5A self-adjoint element is left-invertible if and only if it is invertible.
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by multiplication (say, from the left), and this drops to an action λ : Gln(A) × Lgn(A) →
Lgn(A). We give An and Gln(A) the norms induced from A. Then λ is jointly continuous,
each orbit is open and closed in Lgn(A), and for each a ∈ Lgn(A) the map x 7→ λ(x, a) from
Gln(A) onto the orbit of a is an open map and a Serre fibration, see [Rie87].

Definition 3.6 (Rieffel, [Rie83, Definition 4.7]). Let A be a C∗-algebra. Assume first that A
is unital. The connected stable rank of A, denoted csr(A), is the least integer n ≥ 1 (or∞)
such that Glm(A)0 acts transitively on Lgm(A) for all m ≥ n. The general stable rank of
A, denoted gsr(A), is the least integer n ≥ 1 (or ∞) such that Glm(A) acts transitively on
Lgm(A) for all m ≥ n.

If A is not unital, define csr(A) := csr(Ã) and gsr(A) := gsr(Ã).

Proposition 3.7 (Brown, Pedersen, [BP91, Proposition 1.2], Nistor, [Nis86, Lemma 2.4],
Rieffel, [Rie83, Corollary 7.2]). Let A be a C∗-algebra. Then the following estimates hold:

rr(A) ≤ 2 · sr(A)− 1,(1)

gsr(A) ≤ csr(A) ≤ sr(C([0, 1])⊗ A) ≤ sr(A) + 1.(2)

For the next result, recall that a C∗-algebra A is homotopy dominated by another C∗-
algebra B if there are morphisms ϕ : A → B and ψ : B → A such that ψ ◦ ϕ is homotopic
to idA. If A and B are unital, then we say A is unitally homotopy dominated if the above
maps ϕ and ψ can be chosen unital.

Proposition 3.8 (Nistor, [Nis86, Lemma 2.8]). Let A,B be unital C∗-algebras, and assume A is
unitally homotopy dominated by B. Then gsr(A) ≤ gsr(B) and csr(A) ≤ csr(B).

Proof. The result for the connected stable rank is [Nis86, Lemma 2.8], and we vary the
argument slightly for the general stable rank.

Assume unital morphisms ϕ : A→ B and ψ : B → A are given such that ψ ◦ ϕ is homo-
topic to idA. Let k := gsr(B), which we may assume to be finite. Let a = (a1, . . . , am) ∈
Lgm(A), for some m ≥ k. Since ψ ◦ ϕ is homotopic to idA through unital morphisms, a is
homotopic to ψ ◦ ϕ(a) in Lgn(A). We may lift this path to an invertible x ∈ Glm(A)0 such
that x · a = ψ ◦ ϕ(a), see 3.5.

Since gsr(B) = k, there exists y ∈ Glm(B) such that ϕ(x) = y · e1, where e1 = (1, 0, . . . , 0).
Then (x−1ψ(y)) · e1 = a, which shows that Glm(A) acts transitively on Lgm(A), as desired.

�

3.9. We note that the general and connected stable rank satisfy axioms (D3)-(D6), but they
are not dimension theories in the sense of Definition 2.1.

To see this, consider the Toeplitz algebra T = C∗(S), see Example 9.1. Then sr(T ) =
csr(T ) = gsr(T ) = 2. Consider also the C∗-algebra A = C∗(S ⊕ S∗) from 9.2, which is
stably finite, but not residually stably finite. Then sr(A) = csr(A) = 2, and gsr(A) = 1,
which shows that the general stable rank does not satisfy (D2).

The connected stable rank does also not satisfy (D2). Indeed, forA = C(D2) (continuous
functions on the two-dimensional disk) and the quotient C(S1) we have csr(A) = 1 while
csr(C(S1)) = 2.

The following result shows how the connected stable rank is used to bound the stable
rank of an extension.
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Proposition 3.10. Let A be a C∗-algebra, and I �A an ideal. Then:

sr(A) ≤ max{sr(I), sr(A/I), csr(A/I)}.(1)

If the ideal I is σ-unital with rr(I) = 0, sr(A) = 1 and K1(I) = 0, then: .

rr(A) = rr(A/I).(2)

Proof. The result for the stable rank is [Rie83, Theorem 4.11]. If I is σ-unital with rr(I) = 0,
sr(A) = 1 and K1(I) = 0, then the multiplier algebra M(I) has real rank zero, see [Lin93].
Note that A is a pullback of M(I) and A/I . Therefore, rr(A) ≤ max{rr(M(I)), rr(A/I)} =
rr(A/I), see [NOP01, Proposition 1.6], see also Proposition 3.17 and [Osa03, Proposition
3.4]. �

3.11. The result for the stable rank is much better than for the real rank. It is actually a
principle that the stable rank is often easier to compute than the real rank. Note also that
we can combine the above results to get the following estimates, whenever I �A:

max{sr(I), sr(A/I)} ≤ sr(A) ≤ max{sr(I), sr(A/I) + 1}.(1)

The connected stable rank behaves much different with respect to extensions. Instead
of csr(I), csr(A/I) ≤ csr(A) we have the following, see [Nag87, Lemma 2]:

csr(A) ≤ max{sr(I), sr(A/I)}.(2)

We note that it follows from the example in 3.9 that the analog inequality does not hold
for the general stable rank.

Recall that for a real number t we let ⌈t⌉ denote the least integer greater than or equal to t,
and similarly ⌊t⌋ denotes the integer part of t.

Proposition 3.12. Let A be a C∗-algebra, and n ≥ 1. Then:

sr(A⊗Mn) =

⌈
sr(A)− 1

n

⌉
+ 1,(1)

gsr(A⊗Mn) ≤

⌈
gsr(A)− 1

n

⌉
+ 1,(2)

csr(A⊗Mn) ≤

⌈
csr(A)− 1

n

⌉
+ 1.(3)

Proof. The formula for the stable rank is shown in [Rie83, Theorem 6.1]. The estimate for
the connected stable rank is proved in [Rie87, Theorem 4.7] and also [Nis86, Proposition
2.10], and the proof can easily be adopted to obtain the result for the general stable rank.

�

Remark 3.13. The analog of the above result for the real rank would be the statement

rr(A⊗Mn) ≤

⌈
rr(A)

2n− 1

⌉
.(1)

We note that it is not known if this statement holds in general, although it has been verified
for special classes of C∗-algebras: The estimate was shown to hold for commutative C∗-
algebras by Beggs and Evans, [BE91, Corollary 3.2], see also Lemma 6.9. Moreover, if
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rr(A) = 0, then rr(A⊗Mn) = 0, which shows the estimate in this particular case, see [BP91,
Theorem 2.10].

See 1.5 for the definition of stable finiteness.

Proposition 3.14. Let A be a C∗-algebra. Then:

sr(A⊗K) =

{
1 if sr(A) = 1

2 if sr(A) ≥ 2
(1)

gsr(A⊗K) =

{
1 if A is stably finite

2 if A is not stably finite
(2)

csr(A⊗K) =

{
1 if A is stably finite and K1(A) = 0

2 if A is not stably finite or K1(A) 6= 0
(3)

rr(A⊗K) =

{
0 if rr(A) = 0

1 if rr(A) ≥ 1
(4)

Proof. For the result on the stable rank see [Rie83, Theorem 6.4].
It follows gsr(A⊗K) ≤ csr(A⊗K) ≤ sr(C([0, 1])⊗A⊗K) ≤ 2, by Proposition 3.7, see also

[Nis86, Corollary 2.5]. Then gsr(A ⊗ K) = 1 if and only if every left invertible element of

Ã⊗K is invertible, which means precisely that A is stably finite. Similarly, gsr(A⊗K) = 1

if and only if every left invertible element of Ã⊗K is invertible and in the component of
the identity, which means precisely that A is stably finite and K1(A) = 0.

For the case of real rank, we have rr(A) = 0 if and only if rr(A ⊗ K) = 0 by [BP91,
Corollary 3.3, Theorem 2.5]. We have rr(A⊗K) ≤ 1 by [BE91, Proposition 3.3]. �

3.15. Not much can be said about the behavior of real and stable rank with respect to
hereditary sub-C∗-algebras, but see [Bla04] for the stable rank of a full corner.

3.16. If X and Y are spaces, then the product theorem for covering dimension shows that
dim(X×Y ) ≤ dim(X)+dim(Y ) under certain weak conditions, e.g. if the spaces are metric
or compact (but not in general). It follows that locdim(X×Y ) ≤ locdim(X)+locdim(Y ) for
locally compact, Hausdorff spaces. Translated to C∗-algebras, this means that rr(A⊗B) ≤
rr(A) + rr(B) if A,B are commutative (since rr(C0(X)) = locdim(X), see Proposition 6.8).

This estimate does not hold for general C∗-algebras. In [KO01, Example 1] it is shown
that there exist two unital, separable, nuclear C∗-algebras A,B with rr(A) = rr(B) = 0 but
rr(A⊗B) = 1, see also [Osa99, Theorem 2.1]. An easy (non-exact, non-separable) example
is constructed using B(H) (the bounded operators on a separable Hilbert space H), since
rr(B(H)) = 0 while rr(B(H) ⊗min B(H)) 6= 0, see [Osa99, Corollary 1.2], see also [KO95].
We note that the real rank of B(H)⊗min B(H) is not known.

In these examples, at least one of the C∗-algebras is not simple. It is an open question,
if this surprising effect can also occur if both C∗-algebras are simple, see [Osa03, Question
3.11(2)].

Examples where rr(A ⊗ B) is strictly less than rr(A) + rr(B) are easily constructed. In
fact, this can already happen in the commutative case, see [Pon30]. The same effect can
occur for simple C∗-algebras: Let A be Rørdam‘s example of a simple, unital, separable,
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nuclear C∗-algebra that contains a finite and an infinite projections, see [Rør03, Corollary
7.1]. It was shown in [Rør05] that the real rank of A is not zero. Let B be any other simple,
unital, non-type I (separable, nuclear) C∗-algebra with non-zero real rank (e.g. the Jiang-
Su algebra). Then A ⊗ B is simple and purely infinite, [Rør02, Theorem 4.1.10, p.69], and
every such algebra has real rank zero, [Zha90].

If one of the tensor factors is commutative, then the product formula holds for the real
rank: rr(C0(X)⊗ A) ≤ rr(A) + rr(C0(X)), see [NOP01, Corollary 1.2].

For the stable rank, there exists to our knowledge no counterexample to the conjecture
sr(A⊗B) ≤ sr(A)+sr(B). It is known that sr(C([0, 1])⊗A) ≤ sr(A)+1, see [Rie83, Corollary
7.2]. It follows sr(C([0, 1]k)⊗A) ≤ sr(A) + k, and using pullbacks and inductive limits one
can show sr(C(X) ⊗ A) ≤ sr(A) + dim(X) for any compact space X . However, it is not
known whether sr(C([0, 1]2) ⊗ A) ≤ sr(A) + 1 holds. This problem goes back to Rieffel,
[Rie83, Question 1.8], and if it has a positive answer than one can show that the product
formula sr(A ⊗ B) ≤ sr(A) + sr(B) holds if at least one of the tensor factors is type I. If
both A and B are type I, then the product formula can be derived from the results about
the stable rank of CCR algebras, [Bro07], see Theorem 8.4, and this was noted in [Sud04b,
Theorem 2.6].

Proposition 3.17 (Brown, Pedersen, [BP09, Theorem 4.1], Nagisa, Osaka, Phillips, [NOP01,
Proposition 1.6]). Let B,C,D be unital C∗-algebras, ϕ : C → D a surjective morphism, and
ψ : B → D a unital morphism. Let A = B ⊕D C be the pullback6 along ψ and ϕ. Then:

sr(A) ≤ max{sr(B), sr(C)},(1)

rr(A) ≤ max{rr(B), rr(C)}.(2)

4. TOPOLOGICAL DIMENSION

One could try to define a non-commutative dimension function by simply considering
the dimension of the primitive ideal space of a C∗-algebra. This will however run into
problems if the primitive ideal space is not Hausdorff.

Brown and Pedersen, [BP09], suggested a way of dealing with this problem by restrict-
ing to (nice) Hausdorff subsets of Prim(A), and taking the supremum over the dimension
of these Hausdorff subsets, see Definition 4.3. This will only be a good theory if there are
enough such ‘nice’ Hausdorff subsets.

Definition 4.1 (Brown, Pedersen, [BP07, 2.2 (iv)]). LetX be a topological space. We define:

(1) A subset C ⊂ X is called locally closed if there is a closed set F ⊂ X and an open set
G ⊂ X such that C = F ∩G.

(2) X is called almost Hausdorff if every non-empty closed subset F contains a non-
empty relatively open subset F ∩G (so F ∩G is locally closed inX) which is Hausdorff.

4.2. We consider locally closed subsets as ‘nice’ subsets. Then, being almost Hausdorff
means having enough ‘nice’ Hausdorff subsets.

For a C∗-algebra A, the locally closed subsets of Prim(A) correspond to ideals of quo-
tients of A (equivalently to quotients of ideals of A) up to canonical isomorphism, see

6The pullback A = B ⊕D C along ψ and ϕ is defined as {(b, c) ∈ B ⊕ C | ψ(b) = ϕ(c)}



A SURVEY ON NON-COMMUTATIVE DIMENSION THEORIES 15

[BP07, 2.2(iii)]. Therefore, the primitive ideal space of every type I C∗-algebra is almost
Hausdorff, since every non-zero quotient contains a non-zero continuous-trace ideal, see
[Ped79, Theorem 6.2.11, p. 200], and the primitive ideal space of a continous-trace C∗-
algebra is Hausdorff.

See Section 8 for an overview of the structure theory of type I C∗-algebras, in particular
for the definition of a composition series.

Definition 4.3 (Brown, Pedersen, [BP07, 2.2(v)]). Let A be a C∗-algebra. If Prim(A) is
almost Hausdorff, then the topological dimension of A, denoted by topdim(A), is:

topdim(A) := sup{locdim(S) | S ⊂ Prim(A) locally closed, Hausdorff}.(1)

Proposition 4.4 (Brown, Pedersen, [BP07, Proposition 2.6]). Let (Jα)α≤µ be a composition
series for a C∗-algebra A. Then Prim(A) is almost Hausdorff if and only if each Prim(Jα+1/Jα) is
almost Hausdorff, and if this is so, then:

topdim(A) = sup
α<µ

topdim(Jα+1/Jα).(1)

The following result is implicit in the papers of Brown and Pedersen, e.g. [BP09, Theorem
5.6].

Proposition 4.5. Let A be a C∗-algebra, and B ⊂ A a hereditary sub-C∗-algebra. If Prim(A)
is locally Hausdorff, then so is Prim(B), and then topdim(B) ≤ topdim(A). If B is even full
hereditary, then topdim(B) = topdim(A).

Proof. In general, if B ⊂ A is a hereditary sub-C∗-algebra, then Prim(B) is homeomorphic
to an open subset of Prim(A). In fact, Prim(B) is canonically homeomorphic to the prim-
itive ideal space of the ideal generated by B, and this corresponds to an open subset of
Prim(A).

Note that being locally Hausdorff is a property that passes to locally closed subsets,
and so it passes from Prim(A) to Prim(B). Further, every locally closed, Hausdorff subset
S ⊂ Prim(B) is also locally closed (and Hausdorff) in Prim(A). It follows topdim(B) ≤
topdim(A).

If B is full, then Prim(B) ∼= Prim(A) and therefore topdim(B) = topdim(A). �

Lemma 4.6. Let A be a continuous-trace C∗-algebra, and n ∈ N. If A is approximated by sub-C∗-
algebra with topological dimension ≤ n, then topdim(A) ≤ n.

Proof. Let us first reduce to the case that A has a global rank-one projection, i.e., that there
exists a full, abelian projection p ∈ A, see [Bla06, IV.1.4.20, p.335]. To that end, let x ∈
Prim(A) be any point. Since A has continuous-trace, there exists a open neighborhood
U ⊂ Prim(A) of x and an element a ∈ A+ such that ρ(a) is a rank-one projection for
every ρ ∈ U . (This is Fell’s condition, see [Bla06, IV.1.4.17, p.334], which roughly means
that locally there are abelian projections). Then there exists a closed neighborhood Y ⊂
Prim(A) of x that is contained in U . Let J�A be the ideal corresponding to Prim(A)\Y . The
image of a in the quotient A/J is a full, abelian projection. Moreover, if A is approximated
by sub-C∗-algebras B ⊂ A with topdim(B) ≤ n, then A/J is approximated by the sub-
C∗-algebras B/J with topdim(B/J) ≤ topdim(B) ≤ n. If topdim(A/J) ≤ n, then every
point of Prim(A) has a closed neighborhood of dimension ≤ n, which means topdim(A) =
locdim(Prim(A)) ≤ n.
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We assume from now on that A has continuous-trace with a full, abelian projection
p ∈ A. Thus, pAp ∼= C(X) where we set X := Prim(A). If A is approximated by sub-C∗-
algebras Bλ ⊂ A, then one checks that pAp is approximated by sub-C∗-algebra pBλp, and
these algebras are commutative so that pBλp ∼= C(Xλ). It follows from Proposition 4.5 that
dim(Xλ) ≤ topdim(Bλ) ≤ n.

Thus, C(X) is approximated by sub-C∗-algebras C(Xλ) ⊂ C(X) with dim(Xλ) ≤ n. One
checks that this implies dim(X) ≤ n, e.g. by noting that X is {Xλ}-like, see 1.4. Then
topdim(A) = dim(X) ≤ n as desired. �

Lemma 4.7. Let A be a type I C∗-algebra, and n ∈ N. If A is approximated by sub-C∗-algebra
with topological dimension ≤ n, then topdim(A) ≤ n.

Proof. Let (Jα)α≤µ be a composition series for A such that each successive quotient is
of continuous-trace, and assume A is approximated by sub-C∗-algebras Aλ ⊂ A with
topdim(Aλ) ≤ n.

Then Jα+1/Jα is approximated by the sub-C∗-algebras (Aλ∩Jα+1)/Jα. Since topdim((Aλ∩
Jα+1)/Jα) ≤ topdim(Aλ) ≤ n, we obtain from the above Lemma 4.6 that topdim(Jα+1/Jα) ≤
n. By Proposition 4.4, topdim(A) = supα<µ topdim(Jα+1/Jα) ≤ n, as desired. �

Remark 4.8. It is noted in [BP07, Remark 2.5(v)] that a weaker version of Lemma 4.7 would
follow from [Sud04a]. However, the statement is formulated as an axiom there, and it is
not clear that the formulated axioms are consistent and give a dimension theory that agrees
with the topological dimension.

Lemma 4.9. Let A be a continuous-trace C∗-algebra, and C ⊂ A a separable sub-C∗-algebra.
Then there exists a separable, continuous-trace sub-C∗-algebra D ⊂ A that contains C, and such
that the inclusion C ⊂ D is proper, and topdim(D) ≤ topdim(A).

Proof. Let us first reduce to the case thatA is σ-unital, and the inclusion C ⊂ A is proper. To
this end, consider the hereditary sub-C∗-algebra CAC ⊂ A generated by C. Since C is sep-
arable, it contains a strictly positive element which is also strictly positive in CAC. More-
over, having continuous-trace passes to hereditary sub-C∗-algebras, see [Ped79, Proposi-
tion 6.2.10, p.199]. By Proposition 4.5, topdim(CAC) ≤ topdim(A).

We assume from now on that A is σ-unital and the inclusion C ⊂ A is proper. Set
X := Prim(A). By Brown’s stabilization theorem, [Bro77], there is an isomorphism Φ: A⊗
K → C0(X) ⊗ K. Let ei,j ∈ K be the canonical matrix units, and consider the following
C∗-algebra:

E := C∗(
⋃

i,j

e1,iΦ(C)ej,1) ⊂ C0(X)⊗ e1,1.

Note thatE is separable and commutative. Thus, there exists a separable sub-C∗-algebra
C0(Y ) ⊂ C0(X) such that E = C0(Y )⊗ e1,1. We chose E such that Φ(C ⊗K) ⊂ C0(Y )⊗K.

The inclusion C0(Y ) ⊂ C0(X) is induced by a pointed continuous map f : X+ → Y +,
where X+ is the space X with one additional point∞ adjoint7. From commutative dimen-
sion theory, see [Nag70, Corollary 27.5, p.159] or [Mar60, Lemma 4], we get the following:

7Thus, if X is non-compact, then X+ is the one-point compactification of X . Otherwise, if X is compact,
then X+ = ⊔{∞} is the disjoint union of X with one additional point. In both cases, the added point∞ is
the base point.
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There exists a compact, metrizable space Z with dim(Z) ≤ dim(X) and continuous (sur-
jective) maps g : X → Z and h : Z → Y such that f = h ◦ g. Set Z0 := Z \ {g(∞)}, and note
that g∗ induces an embedding C0(Z0) ⊂ C0(X). Moreover, C0(Z0) is separable.

Consider D′ := C0(Z0) ⊗ K ⊂ C0(X) ⊗ K. We have that D′ is a separable, continuous-
trace C∗-algebra, and Φ(C ⊗ K) ⊂ D′, and topdim(D′) = dim(Z) ≤ dim(X) = topdim(A).
We think of C as included in C ⊗ K via C ∼= C ⊗ e11. Set D := e11(Φ

−1(D′))e11, which is a
hereditary sub-C∗-algebra of Φ−1(D′) ∼= D′, and therefore is a separable, continuous-trace
C∗-algebra with topdim(D) ≤ topdim(D′ =≤ topdim(A). By construction, C ⊗ e11 ⊂ D,
and this inclusion is proper since D ⊂ A ⊗ e11 and the inclusion C ⊗ e11 ⊂ A ⊗ e11 is
proper. �

Lemma 4.10. Let A be a C∗-algebra, and J � A an ideal, and C ⊂ A a sub-C∗-algebra. Assume
K ⊂ J is a sub-C∗-algebra that contains C ∩ J and such that the inclusion C ∩ J ⊂ K is
proper. Then K is an ideal in the sub-C∗-algebra C∗(K,C) ⊂ A generated by K and C. Moreover,
naturally C∗(K,C)/K ∼= C/(C ∩ J).

Proof. SetB := A/J and denote the quotient morphisms by π : A→ B. SetD := π(C) ⊂ B.
Clearly, C∗(K,C) contains both K and C, and it is easy to see that the restriction of π to
C∗(K,C) maps onto D. The situation is shown in the following commutative diagram,
where the top and bottom row are exact:

0 // J // A
π // B // 0

K //

∪

C∗(K,C)

∪

// D

∪

0 // C ∩ J

∪

// C

∪

// D

||

// 0

Let us show that K is an ideal in C∗(K,C). Since C∗(K,C) is generated by elements of
K and C, it is enough to show that xy and yx lie inK whenever x ∈ K and y ∈ K or y ∈ C.
For y ∈ K that is clear, so assume y ∈ C.

Since C ∩ J ⊂ K is proper, for any ε > 0 there exists z ∈ C ∩ J such that ‖zyz − y‖ < ε.
Then ‖xy − xzyz‖, ‖yx − zyzx‖ < ε‖x‖ and xzyz, zyzx ∈ K. Since ε > 0 was arbitrary, it
follows xy, yx ∈ K.

This shows that the middle row in the above diagram is also exact. �

Proposition 4.11. Let A be a C∗-algebra, and J � A an ideal of type I, and C ⊂ A a separable
sub-C∗-algebra. Then there exists a separable sub-C∗-algebra D ⊂ A such that C ⊂ D and
topdim(D ∩ J) ≤ topdim(J).

Proof. The ideal J = Jµ has a composition series (Jα)α≤µ with successive quotients of
continuous-trace. We prove the proposition by transfinite induction over µ.

Step 1: The proposition holds for µ = 0. This follows since J is assumed to have a
composition series with length 0 and so J = {0} and we can simply set D := C.

Step 2: If the proposition holds for a finite ordinal µ, then it also holds for µ+ 1.
So assume J = Jµ+1 has a composition series (Jα)α≤µ+1. Consider the quotient J/J1

which is an ideal inA/J1, and note that J/J1 has the canonical composition series (Jα/J1)1≤α≤µ.
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By assumption, the proposition holds for µ, and so there is a separable sub-C∗-algebra
E ⊂ A/J1 such that C/J1 ⊂ E and topdim(E ∩ (Jµ+1/J1)) ≤ topdim(Jµ+1/J1). Find a sepa-
rable sub-C∗-algebra D0 ⊂ A such that D0/J1 = E and C ⊂ D0. The situation is shown in
the following commutative diagram, whose rows are short exact sequences:

0 // J1 // A // A/J1 // 0

0 // D0 ∩ J1 //

∪

D0
//

∪

E //

∪

0

0 // C ∩ J1

∪

// C

∪

// C/(C ∩ J1) //

∪

0

We apply Lemma 4.9 to the inclusion D0 ∩ J1 ⊂ J1 to find a separable sub-C∗-algebra
K ⊂ J1 containing D0 ∩ J1 and such that the inclusion D0 ∩ J1 ⊂ K is proper, and
topdim(K) ≤ topdim(J1). Set D := C∗(K,D0) ⊂ A, which is a separable C∗-algebra with
C ⊂ D. By Lemma 4.10, D is an extension of E by K, and therefore:

topdim(D ∩ Jµ+1) = max{topdim(D ∩ J1), topdim((D ∩ Jµ+1)/(D ∩ J1))}

= max{topdim(K), topdim(E ∩ (Jµ+1/J1))}

≤ max{topdim(J1), topdim(Jµ+1/J1)}

= topdim(Jµ+1).

Step 3: Assume λ is a limit ordinal, and n is finite. If the statement holds for all α < λ,
then it holds for λ+ n.

If λ has cofinality at most ω, then there are ordinals 0 = λ0 < λ1 < λ2 < . . . < λ such that
λ = supk λk. If λ has cofinality larger than ω, then set λk := 0.

We inductively define ordinals αk ≤ µ and sub-C∗-algebras Dk, Ek ⊂ A with the follow-
ing properties:

(i) Dk ⊂ Ek and Ek ⊂ Dk+1

(ii) α1 ≤ α2 ≤ . . . and λk ≤ αk

(iii) topdim(Dk ∩ Jαk
) ≤ topdim(Jαk

) and topdim((Ek ∩ Jλ+n)/Jλ) ≤ topdim(Jλ+n/Jλ)

We set α0 = 0 and D0 := C.
Given Dk, let us construct Ek. Consider Dk/Jλ ⊂ A/Jλ and the ideal Jλ+n/Jλ � A/Jλ

which has a composition series of length n. Since the statement holds for n, there exists

a separable sub-C∗-algebra Ẽk ⊂ A/Jλ such that Dk/Jλ ⊂ Ẽk and topdim(Ẽk ∩ Jλ+n) ≤
topdim(Jλ+n/Jλ). Let Ek ⊂ A be any separable C∗-algebra such that Dk ⊂ Ek and Ek/Jλ =

Ẽk.
Given Ek, let us construct αk+1 and Dk+1. Define ordinals:

βk+1 := inf{α ≤ λ |Ek ∩ Jα = Ek ∩ Jλ}

αk+1 :=

{
sup{βk+1, λk+1} ,if βk < λ

sup{αk, λk+1} ,if βk = λ
.
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In any case we have αk ≤ αk+1 < λ, and by assumption the proposition holds for αk+1.
Thus, we can find a separable sub-C∗-algebraDk+1 ⊂ A such thatEk ⊂ Dk+1 and topdim(Dk+1∩
Jαk+1

) ≤ topdim(Jαk+1
).

Now set D :=
⋃

kDk =
⋃

k Ek. This is a separable sub-C∗-algebra of A with C ⊂ D.

Moreover, (D ∩ Jλ+n)/Jλ =
⋃

k(Ek ∩ Jλ+n)/Jλ and so:

topdim((D ∩ Jλ+n)/Jλ) ≤ lim inf topdim((Ek ∩ Jλ+n)/Jλ)

≤ topdim(Jλ+n/Jλ)

. Set α := supk αk and note that by construction D ∩ Jλ = D ∩ Jα. One checks that

D ∩ Jα =
⋃

k(Dk ∩ Jαk
). Therefore:

topdim(D ∩ Jλ) ≤ lim inf
k

topdim(Dk ∩ Jαk
)

≤ sup
k

topdim(Jαk
)

≤ topdim(Jλ)

Together we get:

topdim(D ∩ Jλ+n) = max{topdim(D ∩ Jλ), topdim((D ∩ Jλ+n)/Jλ)}

≤ max{topdim(Jλ), topdim(Jλ+n/Jλ)}

= topdim(Jλ+n).

This completes the proof. �

Theorem 4.12. The topological dimension is a dimension theory in the sense of Definition 2.1 for
the class of type I C∗-algebras.

Proof. Axioms (D1)-(D4) follow from Proposition 4.4. Axiom (D5) is Lemma 4.7, and (D6)
is a corollary of Proposition 4.11. �

4.13. Let us denote the class of type I C∗-algebras by GCR. By the above Theorem 4.12,
topdim: GCR → N is a dimension theory. Let us denote by topdim˜ : C∗ → N the ex-
tension by approximation, as defined in Proposition 2.8. This defines a Morita-invariant
dimension theory, since topdim(A) = topdim(A⊗K) for any type I C∗-algebra A.

For any C∗-algebra A, if topdim˜(A) <∞, then A is in particular approximated by type
I sub-C∗-algebras. This implies that A is nuclear, satisfies the universal coefficient theorem
(UCT), see [Dad03], and is not properly infinite.

4.14. The topological dimension behaves well with respect to tensor products. If A,B are
type I C∗-algebras, then Prim(A ⊗ B) ∼= Prim(A) × Prim(B), see [Bla06, IV.3.4.25, p.390],
and therefore:

topdim(A⊗ B) ≤ topdim(A) + topdim(B).(1)

This property is preserved when passing to the extension as defined in Proposition 2.8.
Let A,B be any C∗-algebras, then:

topdim˜(A⊗B) ≤ topdim˜(A) + topdim˜(B).(1)

Note that we need not specify the tensor product, since topdim˜(A) <∞ implies that A is
nuclear.
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4.15. For type IC∗-algebras, a characterization of topdim˜(A) = 0 is given in Proposition 8.11.
For general C∗-algebras, see 5.11 for a characterization of topdim˜(A) = 0.

5. DECOMPOSITION RANK AND NUCLEAR DIMENSION

The decomposition rank and nuclear dimension are defined in terms of completely pos-
itive approximations that fulfill a certain decomposability condition. The decomposition
rank was introduced by Kirchberg and Winter in [KW04], and the nuclear dimension was
introduced by Winter and Zacharias in [WZ10].

Definition 5.1 (Winter, [Win03, Definition 3.1]). Let A be a C∗-algebra, ϕ : F → A a com-
pletely positive (c.p.) map from a finite-dimensional8 C∗-algebra F , and n ∈ N. Then the
strict order of ϕ is not bigger than n, denoted by ord(ϕ) ≤ n, if for any set {e0, . . . , en+1} of
pairwise orthogonal, minimal projections in F there are some indices i, j ∈ {0, . . . , n + 1}
such that ϕ(ei) and ϕ(ej) are orthogonal9.

The case of strict order zero is of special interest, see [WZ09]. There are nice characteriza-
tions of this case, see [Win03, Proposition 4.1.1(a)].

Definition 5.2 (Kirchberg, Winter, [KW04, Definition 2.2]). Let A be a C∗-algebra, and
ϕ : ⊕s

i=1 Mri → A a c.p. map, and n ∈ N. Then ϕ is n-decomposable if there exists a
decomposition {1, 2, . . . , s} =

∐n
j=0 Ij such that for each j the restriction of ϕ to ⊕i∈Ij has

strict order zero.
We say ϕ is decomposable if it is n-decomposable for some n.

5.3. Let A be C∗-algebra. Given a finite set E ⊂ A, and ε > 0, a c.p. approximation
for E within ε is a tuple (F, ψ, ϕ) where F is a finite-dimensional C∗-algebra, ψ : A →
F is a completely positive contractive (c.p.c.) map, ϕ : F → A is a c.p. map, and such
that ‖ϕ ◦ ψ(a) − a‖ < ε for each a ∈ E. A c.p. approximation (F, ψ, ϕ) is called c.p.c.
approximation if ϕ is also contractive.

Recall that a C∗-algebra is nuclear if it has the completely positive approximation prop-
erty (CPAP):

(1) For every finite E ⊂ A, and ε > 0, there exists a c.p.c. approximation for E within ε.

Recently, it was shown that nuclear C∗-algebras satisfy a much stronger approximation
property, see [HKW11]:

(2) For every finite E ⊂ A, and ε > 0, there exists a c.p.c. approximation (F, ψ, ϕ) for E
within ε such that ϕ is decomposable.

Note that each of the maps ϕ is n-decomposable for some n, but the number n may
depend on ϕ. If we put an upper bound on n, then we end up with the definition of
decomposition rank (for c.p.c. approximations) and nuclear dimension (for c.p. approxi-
mations). We note that the above mentioned stronger version of the CPAP was discovered
after the decomposition rank and nuclear dimension were established.

8In this context, ‘finite-dimensional’ is not referring to a dimension theory, but to the dimension as a
vector space.

9Two elements a, b of a C∗-algebra are said to be orthogonal if ab = a∗b = ab∗ = a∗b∗ = 0
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Definition 5.4 (Kirchberg, Winter, [KW04, Definition 3.1], Winter, Zacharias, [WZ10, Defi-
nition 2.1]). Let A be a C∗-algebra. The nuclear dimension of A, denoted by dimnuc(A), is
the smallest integer n ≥ 0 (or∞) such that the following holds:

(1) For every finite subset E ⊂ A, and ε > 0, there is a c.p. approximation (F, ψ, ϕ) for E
within ε such that ϕ is n-decomposable.

The decomposition rank of A, denoted by dr(A), is defined similarly, using c.p.c. ap-
proximations, i.e., dr(A) ≤ n if the following holds:

(2) For every finite subset E ⊂ A, and ε > 0, there is a c.p.c. approximation (F, ψ, ϕ) for E
within ε such that ϕ is n-decomposable.

5.5. It is clear from the definition that dimnuc(A) ≤ dr(A) for every C∗-algebra A. A C∗-
algebra with finite decomposition rank is strongly quasidiagonal, see [KW04, Theorem
5.3]. Since there are non-quasidiagonal C∗-algebras with finite nuclear dimension (e.g. the
Toeplitz algebra, or Kirchberg algebras), the nuclear dimension and decomposition rank
can differ in general.

It is natural to ask if there are conditions for aC∗-algebraA that imply dr(A) = dimnuc(A),
and possible such conditions are being strongly quasidiagonal or the related property of
having a faithful tracial state, see [WZ10, Question 9.1].

Remark 5.6. The original definition of the decomposition rank in [KW04, Definition 3.1]
is only for separable C∗-algebras. As noted in [WZ10, Remark 2.2(v)], this is unnecessary
and most results of [KW04] also hold for non-separable C∗-algebras.

Theorem 5.7. The decomposition rank and the nuclear dimension are Morita-invariant dimension
theories in the sense of Definition 2.1 for the class of all C∗-algebras.

Proof. For the nuclear dimension, axioms (D1), (D2), (D3), (D6) and (D4) follow from
Propositions 2.5, 2.3, 2.6 and Remark 2.11 in [WZ10]. Axiom (D5) is easily verified.

For the decomposition rank, axiom (D5) is also easily verified, and axiom (D6) follows
from [WZ10, Proposition 2.6] adapted for c.p.c. approximations instead of c.p. approxi-
mations. The other axioms (D1)-(D4) follow from Proposition 3.8, 3.11 and Remark 3.2 of
[KW04] for separable C∗-algebras. Using axioms (D5) and (D6) this can be extended to all
C∗-algebras. �

5.8. The Toeplitz extension 0 → K → T → C(S1) → 0, see Example 9.1, shows that in
general the decomposition rank of an extension can not be estimated by that of the ideal
and quotient. Indeed, dr(T ) = ∞ since T is not quasidiagonal, while dr(K) = 0 and
dr(C(S1)) = 1.

IfA is strongly quasidiagonal (or has a faithful tracial state), then one could hope that the
estimate dr(A) ≤ max{dr(J), dr(A/J)} holds for every ideal J � A, but this is not known
and would probably be hard to prove. But the estimate does hold under the additional
assumption that the ideal J � A contains a quasicentral approximate unit of projections,
so that in this case dr(A) = max{dr(J), dr(A/J)}, see [KW04, Proposition 6.1].

For the nuclear dimension we have the estimate dimnuc(A) ≤ dimnuc(J)+dimnuc(A/J)+
1 whenever J � A, see [WZ10, Proposition 2.9].
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5.9. For a tensor product (of nuclear C∗-algebra) we have dr(A⊗B) ≤ (dr(A)+1) ·(dr(B)+
1)−1 and dimnuc(A⊗B) ≤ (dimnuc(A)+1)·(dimnuc(B)+1)−1, see [KW04, 3.2] and [WZ10,
Proposition 2.3].

5.10. It is unknown whether the decomposition rank and nuclear dimension behave well
with respect to pullbacks, i.e., whether the analog of 3.17 holds.

If it is true, then it is probably hard to prove, as it is already difficult for the case of
(pullbacks) of subhomogeneous C∗-algebras, see [Win04].

Proposition 5.11. Let A be a C∗-algebra. Then the following are equivalent:

(i) dr(A) = 0
(ii) dimnuc(A) = 0

(iii) topdim˜(A) = 0
(iv) A is an LF-algebra (i.e. approximated by finite-dimensional sub-C∗-algebras)

Proof. By [KW04, Example 4.1] and [WZ10, Remarks 2.2 (iii)], a separable C∗-algebra A
satisfies dr(A) = 0 if and only if dimnuc(A) = 0, and this also happens precisely if A is an
AF-algebra. It follows that (1), (2) and (4) are equivalent also in the non-separable case.

By [Lin97], a separable type I C∗-algebra A satisfies topdim(A)0 = if and only if it
is an AF-algebra. Thus, for a a general type I C∗-algebra, topological dimension zero
is equivalent to being LF. Every LF-algebra A satisfies topdim˜ (A) = 0. Conversely, if
topdim˜(A) = 0 then A is approximated by type I sub-C∗-algebra Aλ with topdim(Aλ) = 0,
and so in turn A is LF, which shows that (3) and (4) are equivalent in general. �

Remark 5.12. Every AF-algebra is an LF-algebra, and the converse holds for separable
C∗-algebras. However, it was recently shown by Farah and Katsura, [FK10, Theorem 1.5],
that there exist (non-separable) LF-algebras that are not AF.

6. HOMOGENEOUS AND CONTINUOUS-TRACE C∗-ALGEBRAS

Homogeneous and continuous-trace C∗-algebras are well-understood and in their struc-
ture pretty close to commutative C∗-algebras. We will see that this makes it possible to
compute their dimension theories quite explicitly. Let us begin with the basic notions.

Definition 6.1 (Fell, [Fel61, 3.2]). Let A be a C∗-algebra and n ≥ 1. Then A is called n-
homogeneous if all its irreducible representations are n-dimensional. We further say that
A is homogeneous if it is n-homogeneous for some n.

6.2. Let us recall a general construction: Assume B = (E
p
−→ X) is a locally trivial fibre

bundle (over a locally compact, Hausdorff space X) whose fiber has the structure of a
C∗-algebra. Let

Γ0(B) = {f : X → E | p ◦ f = idX , (x→ ‖f(x)‖) ∈ C0(X)}(1)

be the sections of B that vanish at infinity. Then Γ0(B) has a natural structure of a C∗-
algebra, with the algebraic operations defined fibrewise, and norm ‖f‖ := supx∈X ‖f(x)‖.

If the bundle has fibre Mn (a so-called Mn-bundle), then A := Γ0(B) is n-homogeneous
and Prim(A) ∼= X . Thus, every Mn-bundle defines an n-homogeneous C∗-algebra. The
converse does also hold:
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Proposition 6.3 (Fell, [Fel61, Theorem 3.2]). Let A be a C∗-algebra, n ∈ N. Then the following
are equivalent:

(1) A is n-homogeneous,
(2) A ∼= Γ0(B) for a locally trivial Mn-bundle B.

6.4. If A ∼= Γ0(B), then the primitive ideal space of A is (canonically) homeomorphic to
the base space of the bundle, a Hausdorff space. Thus, the primitive ideal space of a ho-
mogeneous C∗-algebra is Hausdorff. Let us consider another natural class of C∗-algebras
with Hausdorff primitive ideal space, the so-called continuous-trace algebras. We need to
briefly recall some concepts:

Recall that for each Hilbert-space H there is a trace-map tr : B(H) → C (which might
take value ∞). It has the property that tr(ab) = tr(ba) for any a, b ∈ B(H), in particular
tr(uau∗) = tr(a) for a unitary u ∈ A. For a representation π : A → B(H) we can consider
the map trπ := tr ◦π : A → C. It is well defined up to unitary equivalence, i.e., for each

[π] ∈ Â we get a well-defined map tr[π], see [Bla06, IV.1.4.8, p.333].

We say a that a positive element a ∈ A+ has continuous-trace if the map â : Â → C
defined as [π] 7→ tr[π](a) = tr(π(a)) is finite, bounded and continuous. We let m+(A) denote
all these elements. They form the positive cone of an ideal which is denote by m(A), see
[Bla06, IV.1.4.11, p.333].

Definition 6.5 (see [Bla06, IV.1.4.12, p.333]). A C∗-algebra A is of continuous-trace if the
ideal m(A), generated by the positive elements with continuous-trace, is dense in A.

6.6. Homogeneous C∗-algebras (and their finite direct sums) are of continuous-trace. In-
deed, for a homogeneous C∗-algebraAwe have m+(A) = A+ and m(A) = A. However, not
every continuous-trace algebra is homogeneous, in fact not even m+(A) = A+ does imply
that. For example C0(X,K) is of continuous-trace with m+(A) = A+, but A is not homoge-
neous. The reason is simply that all irreducible representations are infinite-dimensional.
But this algebra is the section algebra of a bundle (with fibre K), and some authors call
these algebras ℵ0-homogeneous.

Another example is

A = {f ∈ C([0, 1],M2) | f(0), f(1) ∈ ( ∗ 0
0 0 ) ⊂M2},(1)

which is more obviously not homogeneous, but still of continuous-trace. This example
should not be confused with the so-called dimension-drop algebras, which are not of
continuous-trace.

Proposition 6.7 (see [Bla06, IV.1.4.18, p.335]). Let A be a C∗-algebra. Then the following are
equivalent:

(1) A is of continuous-trace,

(2) Â is Hausdorff, and A satisfies Fell’s condition, i.e., for every π ∈ Â there is a neighborhood

U ⊂ Â of π and some x ∈ A such that ρ(x) is a rank-one projection for each ρ ∈ U .

The easiest homogeneous C∗-algebras are the commutative C∗-algebras. Thus, to get some
feeling let us first recall how non-commutative dimension theories see the commutative
world.
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Proposition 6.8. Let A = C0(X) be a commutative C∗-algebra. Then:

sr(A) =

⌊
locdim(X)

2

⌋
+ 1,(1)

csr(A) ≤

⌊
locdim(X) + 1

2

⌋
+ 1,(2)

rr(A) = dr(A) = dimnuc(A) = topdim(A) = locdim(X).(3)

Proof. The equality topdim(A) = locdim(X) follows since Prim(A) = X is Hausdorff. Note

that for any dimension theory rk we have rk(A) = rk(Ã) = rk(C(αX)), and dim(αX) =
locdim(X). Thus, the formula for the stable rank follows from Rieffel, [Rie83, Proposition
1.7], and for the connected stable rank it follows from Nistor, [Nis86, Corollary 2.5]. We
get rr(A) = locdim(A) from Brown, Pedersen, [BP91, Proposition 1.1].

It follows from Kirchberg, Winter, [KW04, 3.3], and Winter, Zacharias, [WZ10, Propo-
sition 2.4] that dr(A) = dimnuc(A) = topdim(A) if A is separable. The general result fol-
lows using axioms (D5) and (D6) for the different theories. For instance, let us prove
dr(A) ≤ topdim(A). So let n := topdim(A), which we may assume is finite. By (D6) for the
topological dimension, there exists an approximating family of separable sub-C∗-algebras
Aλ ⊂ A with topdim(Aλ) ≤ n. We have dr(Aλ) = topdim(Aλ) ≤ n, since Aλ is separable
(and commutative). By (D5) for the decomposition rank, we get dr(A) ≤ n. The other
inequalities are proved the same way. �

6.9. Thus, the real rank, the decomposition rank, the nuclear dimension and the topolog-
ical dimension all agree for commutative C∗-algebras. This is no longer the case for non-
commutative homogeneous C∗-algebras. Let us first consider the case A = C0(X,Mn),
which is the easiest n-homogeneous C∗-algebra.

We may view A as the sections (vanishing at infinity) of the trivial bundle X×Mn → X .
Now things change. While still dr(A) = dimnuc(A) = topdim(A) = locdim(X), the stable
and real rank ‘break down’. For the stable rank there is a general formula expressing
sr(A ⊗Mn) in terms of sr(A), see Proposition 3.12. Combining it with Proposition 6.8, we
get:

sr(C0(X)⊗Mn) =

⌈⌊
locdim(X)

2

⌋
/n

⌉
+ 1 =

⌈
locdim(X) + 2n− 1

2n

⌉
.(1)

For the real rank, no general formula expressing rr(A⊗Mn) in terms of rr(A) is known.
But Beggs and Evans, [BE91, Corollary 3.2], proved the following formula:

rr(C(X)⊗Mn) =

⌈
dim(X)

2n− 1

⌉
.(2)

By Proposition 6.3, a general n-homogeneous C∗-algebra A is nothing else than the sec-
tion algebra of a locally trivial Mn-bundles over X = Prim(A). The bundle need not be
globally trivial, it may have a twist. However, if the bundle has finite type (meaning that
the base space can be covered by finitely many open sets over which the bundle is trivial),
then A has the structure of a finite iterated pullback and one can compute the real and
stable rank using Proposition 3.17. The following result contains the most general result.
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Proposition 6.10. LetA be a n-homogeneousC∗-algebra with primitive ideal spaceX := Prim(A).
Then:

sr(A) = sr(C0(X,Mn)) =

⌈
locdim(X) + 2n− 1

2n

⌉
,(1)

rr(A) = rr(C0(X,Mn)) =

⌈
locdim(X)

2n− 1

⌉
,(2)

dr(A) = dimnuc(A) = topdim(A) = locdim(X).(3)

Proof. The formulas for the stable and real rank are [Bro07, Proposition 3.8]. The equalities
in the bottom line hold in more generality, see Proposition 7.3. �

Remark 6.11. Thus, if B1,B2 are Mn-bundles over some (locally compact, Hausdorff)
space X , then the considered dimension theories cannot distinguish between Γ0(B1) and
Γ0(B2), i.e., they cannot see the twist of the Mn-bundles.

Proposition 6.12. LetA be a continuous-traceC∗-algebra with primitive ideal spaceX := Prim(A).
Then:

dr(A) = dimnuc(A) = topdim(A) = locdim(X).(1)

Proof. For separable, continuous-trace C∗-algebras, the result is [WZ10, Corollary 2.10],
see also [KW04, Corollary 3.10]. For the non-separable case, note first that the inequalities
topdim(A) ≤ dimnuc(A) ≤ dr(A) hold for general type I C∗-algebras, see Theorem 8.7. To
show dr(A) ≤ topdim(A), use 4.9 to approximate A by separable, continous-trace sub-C∗-
algebras Aλ with topdim(Aλ) ≤ topdim(A). We have dr(Aλ) = topdim(Aλ) ≤ topdim(A),
and so from (D5) for the decomposition rank we get dr(A) ≤ topdim(A). �

6.1. Low dimensions and K-theory.

Let A be a continuous-trace C∗-algebra (e.g. a homogeneous C∗-algebra). We will see that
K1(A) is torsion-free whenever topdim(A) ≤ 2, and that K0(A) is torsion-free whenever
topdim(A) ≤ 1. For this we relate the K-theory of A to that of Prim(A). This indicates that
torsion is a high-dimensional behavior.

Lemma 6.13. Let A be a separable, continuous-trace C∗-algebra. If topdim(A) ≤ 2, then:

A⊗K ∼= C0(Prim(A))⊗K.(1)

Proof. This follows from the Dixmier-Douady theory for continuous-trace C∗-algebras, see
e.g. [Bla06, Iv.1.7, p.344ff]. If dim(Prim(A)) ≤ 2, then H3(Prim(A)) = 0. Hence, all separa-
ble, continuous trace algebras with spectrum Prim(A) are stably isomorphic, in particular
stably isomorphic to C0(Prim(A)). �

6.14. Lemma 6.13 is well-known, and it implies that for spaces of dimension ≤ 2 there is
no twisted K-theory. We get the following: IfA is a separable, continuous-trace C∗-algebra
with primitive ideal space X and topdim(A) = locdim(X) ≤ 2, then K∗(A) ∼= K∗(C0(X)).

Note that K0(C0(X)) is isomorphic to K0(X) if X is compact. However, if X is non-

compact, then K0(C0(X)) is isomorphic to K̃0(αX), the reduced K-theory of the minimal
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compactification αX . We may unify the two cases by considering the space X+, see 1.2.

Note that also K1(C0(X)) ∼= K̃0(X+), so that we get the following:

K∗(A) ∼= K∗(C0(X)) ∼= K̃∗(X+).(2)

Next, we will relate the K-theory and cohomology of low-dimensional spaces.

6.15. The Chern character is a (graded) ring-homomorphism from the K-theory of a space

X to its cohomology ring. We only consider Čech-cohomology, and denote it byHn(X ;G).
Forgetting the ring structure, we consider only the two group-homomorphisms:

ch0 : K0(X)→ Hev(X ;Q) =
⊕

k≥0

H2k(X ;Q),(1)

ch1 : K1(X)→ Hodd(X ;Q) =
⊕

k≥0

H2k+1(X ;Q).(2)

Both ch0 and ch1 are group-isomorphisms after tensoring with Q. This means that K-
theory and cohomology of a space agree up to torsion.

If X is a compact space with dim(X) ≤ 2, then one has an integral version of the Chern
character which induces the following natural group-isomorphisms:

χ0 : K0(X)
∼=
−→ H0(X)⊕H2(X),(3)

χ1 : K1(X)
∼=
−→ H1(X).(4)

We get the following result, which has applications to the K-theory of low-dimensional
homogeneous or continuous-trace C∗-algebras, and in this way also for AH-algebras.

Proposition 6.16. Let X be a compact, Hasudorff space.

(1) If dim(X) ≤ 2, then K1(X) is torsion-free.
(2) If dim(X) ≤ 1, then K0(X) is torsion-free.

Proof. (1): Assume first that X is a (finite) CW-complex with dim(X) ≤ 2. Then K1(X) ∼=
H1(X) which in turn is isomorphic to Hom(H1(X),Z) by the UCT. Since H1(X) is finitely-
generated, Hom(H1(X),Z) ∼= H1(X)/H1(X)tor

∼= Zk for some k, where H1(X)tor is the
torsion subgroup of H1(X).

We extend this to general compact, Hausdorff spaces in two steps. First, by Freuden-
thal’s expansion theorem, every metric, compact space X can be written as an inverse
limit, X ∼= lim

←−
Xi, of finite CW-complexes Xi with dim(Xi) ≤ dim(X), see [Nag70, Corol-

lary 27.4, p.158]. Then K1(Xi) is torsion-free for each i. Since K-theory is a continuous
functor, we get K0(X) ∼= lim

←−i
K1(Xi). Then K0(X) is torsion-free, since torsion-freeness is

preserved by inductive limits, see 1.6.
Secondly, by Mardešić’s expansion theorem, a general compact, Hausdorff space X can

be written as an inverse limit, X ∼= lim
←−

Xi, of metric, compact spaces Xi with dim(Xi) ≤
dim(X), see [Nag70, Theorem 27.8, p.160]. Arguing as above we get that K0(X) is torsion-
free.

We note that this two-step argument is necessary, since there exists a compact, Haus-
dorff space X that can not be written as an inverse limit of finite CW-complexes Xi with
dim(Xi) ≤ dim(X).
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(2): Assume first that X is a finite CW-complex with dim(X) ≤ 1. Then K0(X) ∼=
H0(X) ∼= Zk where k denotes the (finite) number of connected components of X . Arguing
as in (1) we can extend this result to the general case. �

Corollary 6.17. Let A be a continuous-trace C∗-algebra.

(1) If topdim(A) ≤ 2, then K1(A) is torsion-free.
(2) If topdim(A) ≤ 1, then K0(A) is torsion-free.

Proof. Let us first prove the statements for the separable case. Set X := Prim(A). By

6.14, we have K∗(A) ∼= K̃∗(X+), and moreover dim(X+) = topdim(A). Note that K̃∗(X+)
is torsion-free if K∗(X+) is. Thus, the statements about the K-theory for A follow from
Proposition 6.16.

For a general continuous-trace C∗-algebra A, we use Lemma 4.9 to find a nested sub-
collection of separable, continuous-trace sub-C∗-algebras Aλ ⊂ A with topdim(Aλ) ≤
topdim(A) that exhaust A. If topdim(A) ≤ 2, then each K1(Aλ) is torsion-free. Since K-
theory is a continuous functor, and torsion-freeness is preserved by inductive limits, this
implies K1(A) is torsion-free, see 1.6.

The same argument works for topdim(A) ≤ 1 and the K0-group. �

7. SUBHOMOGENEOUS C∗-ALGEBRAS

Subhomogeneous C∗-algebras are in some sense one step further away from commuta-
tive C∗-algebras than homogeneous C∗-algebras. Their primitive ideal space need not be
Hausdorff, but as we will see they have a nice description as iterated pullbacks of homo-
geneous C∗-algebras.

The dimension theories of subhomogeneous C∗-algebras can be computed quite explic-
itly. We will in particular see that subhomogeneous C∗-algebras of topological dimension
at most one have stable rank one. From a more general result in the next section, we get
that the K0-group is torsion-free.

Definition 7.1 (see [Bla06, IV.1.4.1, p.330]). Let A be a C∗-algebra and n ∈ N. Then A is
called n-subhomogeneous if all its irreducible representations are at most n-dimensional.
Further, a C∗-algebra is called subhomogeneous if it is n-subhomogeneous for some n.

Proposition 7.2 (see [Bla06, IV.1.4.3, p.331]). Let A be a C∗-algebra. Then the following are
equivalent:

(1) A is subhomogeneous,
(2) A is a sub-C∗-algebra of a (sub)homogeneous C∗-algebra,
(3) A is a sub-C∗-algebra of C0(X)⊗Mn (for some X and n).

For a subhomogeneous C∗-algebra A we consider the homogeneous parts Primk(A) ⊂
Prim(A) consisting of all primitive ideals correpsonding to irreducible representations of
dimension k. Since each Primk(A) is locally closed in Prim(A), there is a C∗-algebras Ak

corresponding to Primk(A), and this algebra is n-homogeneous. We will see that the di-
mension theories cannot distinguish A from ⊕kAk, i.e., they do not see the ‘faults’ in a
subhomogeneous C∗-algebra.

To prove the following theorems in the separable case, the theory of recursive subhomo-
geneous C∗-algebras is very useful. It was developed by Phillips, [Phi07], and it implies
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that separable, subhomogeneous C∗-algebras with finite topological dimension are iter-
ated pullbacks of separable, homogeneous C∗-algebras.

Proposition 7.3. Let A be a subhomogeneous C∗-algebra. Then:

sr(A) = max
k

sr(Ak) = max
k

⌈
locdim(Primk(A)) + 2k − 1

2k

⌉
,(1)

rr(A) = max
k

rr(Ak) = max
k

⌈
locdim(Primk(A))

2k − 1

⌉
,(2)

dr(A) = dimnuc(A) = topdim(A).(3)

Proof. The results for the stable and real rank are [Bro07, Lemma 3.4, Theorem 3.9].
It was shown by Winter, [Win04, Theorem 1.6], that dr(A) = topdim(A) if A is a separa-

ble, subhomogeneous C∗-algebra. For the non-separable case, note first that the inequali-
ties topdim(A) ≤ dimnuc(A) ≤ dr(A) hold for general type I C∗-algebras, see Theorem 8.7.
To show dr(A) ≤ topdim(A), use (D6) for the topological dimension to approximate A by
separable sub-C∗-algebras Aλ (that are necessarily subhomogeneous) with topdim(Aλ) ≤
topdim(A). Then dr(Aλ) = topdim(Aλ) ≤ topdim(A), and by (D5) for the decomposition
rank we get dr(A) ≤ topdim(A). �

8. TYPE I C∗-ALGEBRAS

In this section we take a look at dimension theories of general type I C∗-algebras. Since
these algebras can be fairly complicated, the statements cannot be as explicit as for sub-
homogeneous C∗-algebras. Still, for CCR algebras there is an almost complete picture, see
Theorem 8.4 and Corollary 8.5. Using composition series we can draw some nice conclu-
sions for general type I C∗-algebras, see Theorem 8.7.

For information about type I C∗-algebras and their rich structure we refer the reader to
Chapter IV.1 of Blackadar’s book, [Bla06], and Chapter 6 of Pedersen’s book, [Ped79].

Definition 8.1 (Kaplansky, [Kap51]). LetA be aC∗-algebra. ThenA is called a CCR algebra
if for each of its irreducible representations π : A → B(H) we have π(A) = K(H) (the
image of A under every irreducible representation lands in the compact operators).

8.2. Recall that a composition series for a C∗-algebra A is a collection of ideals of A,
(Jα)α≤µ, indexed over all ordinal numbers (less than some ordinal µ), such that A = Jµ
and:

(i) if α ≤ β, then Jα ⊂ Jβ ,

(ii) if α is a limit ordinal, then Jα =
⋃

γ<α Jγ = lim
−→γ<α

Jγ

The C∗-algebras Jα+1/Jα are called the successive quotients of the composition series.
A CCR C∗-algebras is also called liminal. A C∗-algebra is called postliminal if it has a

composition series with liminal successive quotients. As it turns out, this is equivalent to
having a composition series whose successive quotients have continuous trace.

Originally, a postliminal C∗-algebra was called a GCR algebra, see [Kap51]. However,
some authors define a GCR algebra to be a C∗-algebra A such that for each irreducible rep-
resentation π : A → B(H) we have π(A) ⊃ K(H). Fortunately, these conditions and other
natural conditions are all equivalent, which was first proved by Glimm for the separable
case, [Gli61], and later generalized to the non-separable case by Sakai, [Sak66] and [Sak67].
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Proposition 8.3 (Glimm’s theorem). Let A be a C∗-algebra. Then the following are equivalent:

(1) A is postliminal (i.e. has a composition series with liminal successive quotients),
(2) A is internally type I10,

(3) A is bidual type I11,
(4) A is a GCR algebra (i.e. π(A) ⊃ K(H) for each irreducible representation π of A).

If A satisfies these conditions then it is called a type I C∗-algebra.

To obtain estimates about the dimension theories of general type IC∗-algebras, see Theorem 8.7,
we will use the following result for CCR algebras. For a C∗-algebra A we denote by Ak the
successive quotient of A that corresponds to the irreducible representations of dimension
k.

Theorem 8.4 (Brown, [Bro07, Theorem 3.10]). Let A be a CCR C∗-algebra, and topdim(A) <
∞. Then:

(1) If topdim(A) ≤ 1, then sr(A) = 1.

(2) If topdim(A) > 1, then sr(A) = supk≥1max{
⌈
topdim(Ak)+2k−1

2k

⌉
, 2}.

(3) If topdim(A) = 0, then rr(A) = 0.

(4) If topdim(A) > 0, then rr(A) = supk≥1max{
⌈
topdim(Ak)

2k−1

⌉
, 1}.

We may draw the following conclusion:

Corollary 8.5. Let A be a CCR C∗-algebra. Then:

sr(A) ≤

⌊
topdim(A)

2

⌋
+ 1,(1)

csr(A) ≤

⌊
topdim(A) + 1

2

⌋
+ 1,(2)

rr(A) ≤ topdim(A).(3)

Proof. If topdim(A) = ∞, then the statements hold. So we may assume topdim(A) < ∞,
whence Theorem 8.4 applies.

10A is internally type I if every quotient of A contains a nonzero abelian element x. An element x ∈ A is

called abelian if the hereditary sub-C∗-algebras x∗Ax it generates is commutative.
11A is bidual type I if for every representation π : A→ B(H) the enveloping von Neumann algebra π(A)′′

is type I, or equivalently if the universal enveloping von Neumann algebra of A is type I.
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(1): If topdim(A) ≤ 1, then sr(A) = 1 ≤ ⌊topdim(A)/2⌋ + 1 . If d := topdim(A) ≥ 2, then
set dk := topdim(Ak) ≤ d and compute:

sr(A) = sup
k

max{

⌈
dk + 2k − 1

2k

⌉
, 2}

≤ sup
k

max{

⌈
d+ 2k − 1

2k

⌉
, 2}

≤ max{

⌈
d+ 1

2

⌉
, 2}

≤

⌊
d

2

⌋
+ 1.

(2): The statement for the connected stable rank follows from Proposition 3.7.
(3): Again, we use Theorem 8.4. If topdim(A) = 0, then rr(A) = 0 ≤ topdim(A) . If

d := topdim(A) ≥ 1, then set dk := topdim(Ak) ≤ d and compute:

rr(A) = sup
k

max{

⌈
dk

2k − 1

⌉
, 1}

≤ sup
k

max{

⌈
d

2k − 1

⌉
, 1}

≤ max{⌈d⌉ , 1}

≤ d. �

We can now give general comparison results for type I C∗-algebras. It seems that these
results do not appear in the literature so far. But first some remark is in order, that might
also be of general interest.

Remark 8.6. What makes type I C∗-algebra so accessible is the presence of composition
series with successive quotients that are easier to handle (e.g. continuous-trace or CCR).
They allow us to prove statements by transfinite induction, for which one has to consider
the case of a successor and limit ordinal. Let us see that for statements about dimension
theories one only needs to consider successor ordinals.

Let (Jα)α≤µ be a composition series for a C∗-algebra. If α is a limit ordinal, then Jα =⋃
γ<α Jγ = lim

−→γ<α
Jγ . For any dimension theory rk we have

rk(Jα) ≤(D5) lim inf
γ<α

rk(Jγ)

≤ sup
γ<α

rk(Jγ)

≤(D1) sup
γ<α

rk(Jα),

and thus rk(Jα) = supγ<α rk(Jγ).
Thus, any reasonable estimate about dimension theories that holds for γ < α will also

hold for α. It follows that we only need to consider a successor ordinal α, in which case
A = Jα is an extension of B = Jα/Jα−1 by I = Jα−1. By assumption the result is true for I
and has to be proved for A (by using that B is CCR or continuous-trace). This idea is used
to prove the next theorem:
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Theorem 8.7. Let A be a type I C∗-algebra. Then:

sr(A) ≤

⌊
topdim(A) + 1

2

⌋
+ 1,(1)

csr(A) ≤

⌊
topdim(A)

2

⌋
+ 2,(2)

rr(A) ≤ topdim(A) + 2,(3)

topdim(A) ≤ dimnuc(A) ≤ dr(A).(4)

Proof. (1): Let (Jα)α≤µ be a composition series for A such that the successive quotients are
CCR algebras. Set d := topdim(A). By Remark 8.6 it is enough to consider short exact
sequences of C∗-algebras 0→ I → A→ B → 0 where the quotient B is a CCR algebra. By
assuming that the inequality is valid for I we need to show that it holds for A. We have
topdim(I) ≤ d and topdim(B) ≤ d, and then:

sr(A) ≤ max{sr(I), sr(B), csr(B)}

≤ max{

⌊
d+ 1

2

⌋
+ 1,

⌊
d

2

⌋
+ 1,

⌊
d+ 1

2

⌋
+ 1}

=

⌊
d+ 1

2

⌋
+ 1,

where the first inequality follows from Proposition 3.10, and the second follows using the
assumption on B and Corollary 8.5.

(2), (3): The inequalities for the connected stable rank and real rank follow from (1) and
Proposition 3.7.

(4): The inequality dimnuc(A) ≤ dr(A) holds for everyC∗-algebraA. To show topdim(A) ≤
dimnuc(A), consider a composition series (Jα)α≤µ with successive quotients of continuous-
trace. For each α < µ, we have dimnuc(Jα+1/Jα) ≤ dimnuc(A) by axioms (D1) and (D2) for
the nuclear dimension. By Proposition 6.12, topdim(Jα+1/Jα) = dimnuc(Jα+1/Jα), and then
from Proposition 4.4 we get topdim(A) = supα<µ topdim(Jα+1/Jα) ≤ dimnuc(A). �

Remark 8.8. We get the following:

(1) sr(A) =
⌊
topdim(A)

2

⌋
+ 1, if A is commutative.

(2) sr(A) ≤
⌊
topdim(A)

2

⌋
+ 1, if A is CCR.

(3) sr(A) ≤
⌊
topdim(A)+1

2

⌋
+ 1, if A is type I.

This also shows that the inequality for the stable rank in Corollary 8.5 can not be im-
proved (the same is true for the estimates of real rank and connected stable rank). The
Toeplitz algebra, see Example 9.1, shows that the estimate of Theorem 8.7 for the stable
rank can not be improved either.

8.9. For a C∗-algebra A let us use the notation IkA := C([0, 1]k) ⊗ A. For k ≥ 1, we can

prove sr(IkA) ≤
⌊
topdim(IkA)

2

⌋
+ 1 along the lines of Theorem 8.7 using csr(IkA) = csr(A),

see [Nis86, Lemma 2.8, Corollary 2.9]. Then rr(IkA) ≤ topdim(A) + 1 + k for k ≥ 1.
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It is unclear whether this also holds for k = 0, i.e., whether Theorem 8.7 (3) can be
improved to the inequality rr(A) ≤ topdim(A) + 1 for type I C∗-algebras.

In fact, the author does not know of a type I C∗-algebra A where the even stronger
inequality rr(A) ≤ topdim(A) does not hold.

8.10. Let A be a type I C∗-algebra, and set k := dr(A). If k ∈ {0, 1}, then rr(A) ≤ dr(A), see
Proposition 8.11 and Corollary 8.19. It is unclear whether this also holds if k ≥ 2.

It is possible that the inequality is even true for all (separable) C∗-algebras, see [Win03,
4.1] and [KW04, 4.11].

8.1. Low dimensions and K-theory.

It was shown by Lin, [Lin97], that a separable, type I C∗-algebras has real rank zero if and
only if it is an AF-algebra. For general C∗-algebras, the case of dimension zero agrees for
the decomposition rank, the nuclear dimension and the extended topological dimension,
and moreover it is equivalent to being an LF-algebra, see 5.11. It follows that there is a
natural concept of ‘dimension zero’ for type I C∗-algebras, see Proposition 8.11.

We will study the relations of dimension one for the different dimension theories of
a type I C∗-algebra A. It follows from [BP09, Proposition 5.2] that sr(A) = 1 implies
topdim(A) ≤ 1. Conversely, topdim(A) ≤ 1 only implies sr(A) ≤ 2, see Theorem 8.7,
and the Toeplitz algebra shows that this is the best estimate. The Toeplitz algebra is not
(residually) stable finite, and we will show that this is the only obstruction that a type
I C∗-algebra with topological dimension one also has stable rank one, see Theorem 8.17.
It follows that dr(A) ≤ 1 implies sr(A) = 1, and these implications are summarized in
Theorem 8.21.

To prove these results we show that certain index maps in K-theory vanish, see Theorem 8.15.
It is the vanishing of these index maps that also proves Theorem 8.23, which states that the
K0-group of a stable rank one, type I C∗-algebra is torsion-free.

Proposition 8.11. Let A be a type I C∗-algebra. Then the following are equivalent:

(1) rr(A) = 0,
(2) dr(A) = 0,
(3) dimnuc(A) = 0,
(4) topdim(A) = 0,
(5) A is an LF-algebra (i.e., A is approximated by finite-dimensional sub-C∗-algebras).

Proof. Note that topdim(A) = topdim˜(A), so that the equivalence of (2)-(5) follows from
the more general result in Proposition 5.11. The implication (5)⇒(1) also holds in general.

By [Lin97], the implication (1)⇒(5) holds for separable (type I) C∗-algebras. By (D6)
for the real rank, a general type I C∗-algebra A with rr(A) = 0 can be approximated by
separable sub-C∗-algebras Aλ (necessarily of type I) with rr(Aλ) = 0. Then each Aλ is an
AF-algebra, and so A is LF. �

Let us recall two facts with striking similarity. In both cases the vanishing of a K-theoretic
obstruction implies that some property of an extension algebra is already determined by
the behavior of the ideal and quotient.

See 1.5 for the definition of (residual) stable finiteness.
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Proposition 8.12 (Spielbgerg, [Spi88, Lemma 1.5], Nistor, [Nis87, Lemma 3]). Let A be a
C∗-algebra, and I � A an ideal. Consider the index map δ : K1(A/I) → K0(I), and denote the
image of δ by im δ. Then the following hold:

(1) Assume I and A/I are stably finite.
Then A is stably finite if and only if im δ ∩K0(I)

+ = {0}.
(2) Assume I and A/I have stable rank one.

Then A has stable rank one if and only if δ = 0.

8.13. If K0(I) is totally ordered (e.g. K0(I) = Z with the usual ordering), then im δ ∩
K0(I)

+ = {0} already implies δ = 0. This has the following consequence: If A is stably
finite, I and A/I have stable rank one, and K0(I) ∼= Z, then δ vanishes, and hence sr(A) =
1.

The following lemma is based on this observation. Then, in Theorem 8.15 we will give
sufficient conditions for the vanishing of the index map in a more general setting.

Lemma 8.14. LetA be a residually stably finite C∗-algebra, and I�A an ideal of continuous-trace
and with topdim(I) ≤ 1. Then the index map δ : K1(A/I)→ K0(I) is zero.

Proof. Let us first prove the statement under the additional assumption that I is separable.
Set B := A/I and X := Prim(I). We may assume that I, A and B are stable, in which case

I ∼= C0(X,K). Then K0(I) ∼= H̃0(X+) ∼= [X+;Z]∗. Thus, we may view elements in K0(I) as
maps f : X → Z that vanish at infinity. Such a map will be in K0(I)+ if and only if f ≥ 0,
i.e., f(x) ≥ 0 for all x ∈ X .

Let ω ∈ K1(B) be some element, fixed for now. Set f := δ(ω) ∈ K0(I), and we think of f
as a map in [X+;Z]∗. We need to show that f = 0, i.e., f(x) = 0 for all x ∈ X .

Let x ∈ X be some point, and C ⊂ X the connected component of x. Then C is closed
and we may consider the ideal J � I corresponding to the open set Prim(I) \ C. The
situation is shown in the commutative diagram on the left, where the rows are short exact
sequences. Let δ′ : K1(B) → K0(A/J) be the index map for the lower extension. The
naturality of the index map implies that the diagram on the right is commutative, where
the map K0(I)→ K0(I/J) is induced by the quotient morphism.

0 // I //

��

A //

��

B //

��

0 K1(B)
δ // K0(I)

��

[X+;Z]∗

0 // I/J // A/J // B // 0 K1(B)
δ′ // K0(I/J) [C+;Z]∗

Then A/J is residually finite and K0(I/J) is totally ordered (it is Z if Prim(I/J) ∼= C is
compact, and 0 otherwise). By the remarks in 8.13, δ′ = 0, and therefore f(x) = 0. Since
this holds for all x, we have f = 0 as desired.

Let us prove the non-separable case. Set B := A/I . Let ω ∈ K1(B) be some element,
fixed from now on. Then there exists a separable sub-C∗-algebra B0 ⊂ B and ω0 ∈ K1(B0)
such that ω0 gets mapped to ω by the inclusion morphism. Choose some separable sub-C∗-
algebra A0 ⊂ A such that A0/I = B0. Applying Lemma 4.9 to the inclusion A0 ∩ I ⊂ I , we
get a separable, continuous-trace sub-C∗-algebra K ⊂ I with topdim(K) ≤ topdim(I) ≤ 1
and such that A0 ∩ I is contained in K, and moreover this is a proper inclusion.
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Set D := C∗(K,A0) ⊂ A. By Lemma 4.10, D ∩ I = K and D/K = B0. The situation is
shown in the commutative diagram on the left, where the rows are short exact sequences.
Let δ′ : K1(B0)→ K0(K) be the index map for the lower extension. The naturality of index
maps shows that the diagram on the right is commutative, where maps K0 and K1 are
induced by the inclusion morphisms.

0 // I // A // B // 0 ω ∋ K1(B)
δ // K0(I)

��
0 // K //

OO

D //

OO

B0
//

OO

0 ω0 ∋ K1(B0)

OO

δ′ // K0(K)

Since K � D satisfies the assumptions of the statement, and moreover K is separable,
we get that δ′ vanishes, and so δ(ω) = δ′(ω0) = 0. Since ω was arbitrary, this implies that δ
vanishes, as desired. �

Theorem 8.15. Let A be a residually stably finite C∗-algebra, and I � A an ideal of type I with
topdim(I) ≤ 1. Then the index map δ : K1(A/I)→ K0(I) is zero.

Proof. We may assume A is unital, and setB := A/I . Let x ∈ K0(B) be some element, fixed
from now on. Set y := δ(x) ∈ K1(I). We need to show that y = 0.

Let (Jα)α≤µ be a composition series for I with successive quotients of continuous-trace
quotients. Note that topdim(Jα+1/Jα) ≤ topdim(I) ≤ 1. For each α we have a ‘sub-
extension’

0→ I/Jα → A/Jα → B → 0,

with index map δα : K1(B)→ K0(I/Jα) and we may ask if δα(x) = 0.
Let ια : Jα → I be the inclusion map, and qα : I → I/Jα the quotient map, then we have

extensions:

0→ Jα
ια−→ I

qα
−→ I/Jα → 0.

Note that δα = K0(qα) ◦ δ, and define

β := inf{α ≤ µ | δα(x) = 0} = inf{α ≤ µ |K0(qα)(y) = 0}.

We need to show that β = 0.
Step 1: We show that β is not a limit ordinal. Assume otherwise, in which case the

continuity of K-theory gives K0(Jβ) = lim
−→γ<β

K0(Jγ). Let ιβγ : Jγ → Jβ be the inclusion

map. The situation is shown in the following diagram on the left, which is commutative
with exact rows. In K-theory we get a commutative diagram, which is shown on the right
(with exact rows):

0 // Jβ
ιβ // I

qβ // I/Jβ // 0 K0(Jβ)
K0(ιβ) // K0(I)

qβ // K0(I/Jβ)

0 // Jγ
ιγ //

ιβγ

OO

I
qγ //

OO

I/Jγ //

OO

0 K0(Jγ)
K0(ιγ) //

K0(ιβγ)

OO

K0(I)
K0(qγ)//

OO

K0(I/Jγ)

OO

We have K0(qβ)(y) = 0 by definition of β. From exactness of the upper row we may find
a lift y′ ∈ K0(Jβ) for y. By continuity of K-theory we may lift y′ to some y′′ ∈ K0(Jγ) (for
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some γ < β). Then K0(ιγ)(y
′′) = K0(ιβ)(K0(ιβγ))(y

′′) = K0(ιβ)(y
′) = y. The exactness of

the lower row shows K0(qγ)(y) = 0, which contradicts the definition of β.
Step 2: We show that β has no predecessor β − 1. Assume otherwise, in which case we

have the following commutative diagram with exact rows and columns:

0

Jβ/Jβ−1

OO

0 // Jβ
ιβ //

π

OO

I
qβ // I/Jβ // 0

0 // Jβ−1

ιγ //

OO

I
qγ//

OO

I/Jβ−1
//

OO

0

0

OO

This gives a commutative diagram in K-theory, and we add index maps for several differ-
ent extension to the picture:

K0(Jβ/Jβ−1)

K1(A/Jβ)

δ′′ 55
kkkkk

K0(Jβ) //

K0(π)

OO

K0(I)
K0(qβ) // K0(I/Jβ)

K1(A/Jβ) //

δ′ 55
k
k
k
k
k
k

K1(B)
δβ

//

δ 88
q
q
q

K0(I/Jβ)

l
l
l
l

l
l
l
l

K0(Jβ−1) //

OO

K0(I)
K0(qβ−1)

// K0(I/Jβ−1)

OO

Since δβ(x) = 0 ∈ K0(I/Jβ), we may lift x to x′ ∈ K1(A/Jβ). Set y′ := δ′(x′) ∈ K0(Jβ),
which is a lift of y = δ(X) ∈ K0(I).

Consider the extension 0 → Jβ/Jβ−1 → A/Jβ−1 → A/Jβ → 0. We have A/Jβ−1 (residu-
ally) stably finite, and Jβ/Jβ−1 of continuous-trace. Therefore, its index map δ′′ is zero by
Lemma 8.14.

It follows that K0(π)(y
′) = 0, and we can lift y′ to y′′ ∈ K0(Jβ−1). But then K0(qβ−1)(y) =

0, which contradicts the definition of β.
Altogether we have β = 0, or put differently y = δ(x) = 0. Since x was arbitrary, we get

that δ vanishes, as desired. �

Corollary 8.16. LetA be a residually stably finite C∗-algebra, and I�A an ideal of type I. Assume
sr(I) = sr(A/I) = 1. Then sr(A) = 1.

Proof. By [BP09, Proposition 5.2], sr(I) = 1 implies topdim(I) = 1. Thus, Theorem 8.15
applies and we obtain that the index map δ vanishes. It follows that sr(A) = 1, see [Nis87,
Lemma 3], see also Proposition 8.12. �
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Theorem 8.17. Let A be a type I C∗-algebra. Then the following are equivalent:

(1) sr(A) = 1,
(2) topdim(A) ≤ 1, and A is residually stably finite.

Proof. ‘(1) ⇒ (2)’: We have topdim(A) ≤ 1 by [BP09, Proposition 5.2], and every quotient
of A has stable rank one, hence is stably finite.

‘(2) ⇒ (1)’: Let (Jα)α≤µ be a composition series for I with successive quotients of
continuous-trace. Note that topdim(Jα+1/Jα) ≤ topdim(I) ≤ 1. For any CCR algebra
(in particular, every continuous-trace C∗-algebra) B, topdim(B) ≤ 1 implies sr(B) = 1, see
[Bro07, Theorem 3.10], see also Theorem 8.4. In particular sr(J1) = 1 and sr(Jα+1/Jα) = 1
for every α < µ.

By transfinite induction over α ≤ µ we show that sr(Jα) = 1. Assume sr(Jα) = 1
for all α ≤ β. If β is a limit ordinal, then Jβ = lim

−→α<β
Jα, and consequently sr(Jβ) ≤

limα<β sr(Jα) = 1. If β has a predecessor β−1, then Jβ is a residually stably finite extension
of Jβ−1 and Jβ/Jβ−1, which both have stable rank one. Then sr(Jβ) = 1 by Corollary 8.16.

It follows sr(A) = sr(Jµ) = 1, as desired. �

Let us see that we cannot drop the word ‘residually’ in the above theorem:

Remark 8.18. We cannot drop the word ‘residually’ in the above Theorem 8.17. Indeed,
for the algebra A := C∗(S∗⊕S) from Example 9.2, we have sr(A) = 2 while topdim(A) = 1.
The point is that A is not residually stably finite, since it has a quotient isomorphic to the
Toeplitz algebra (which an infinite C∗-algebra).

Corollary 8.19. Let A be a type I C∗-algebra with dr(A) ≤ 1. Then sr(A) = 1, and consequently
also rr(A) ≤ 1.

Proof. AssumeA is a type IC∗-algebra with dr(A) ≤ 1. Then topdim(A) ≤ 1, by Theorem 8.7.
Moreover, every quotient A/I of A satisfies dr(A/I) ≤ 1. It is shown in [KW04, Theorem
5.1] that any separable C∗-algebra with finite decomposition rank is quasidiagonal. This
also holds for non-separable C∗-algebras (using (D6) for the decomposition rank, and that
a C∗-algebra is quasidiagonal if it is approximated by quasidiagonal sub-C∗-algebras, see
[Bla06, V.4.1.8, p.459]). Hence, A/I is quasidiagonal, and therefore also stably finite, see
[Bla06, V.4.2.6, p.459].

Then sr(A) = 1 follows from Theorem 8.17. �

8.20. One can ask if Corollary 8.19 holds for all C∗-algebra, i.e., whether for every C∗-
algebra A, dr(A) ≤ 1 implies sr(A) = 1, see [KW04, 4.11]. It is true for type I C∗-algebra by
the above result.

Let us see that it also holds for simple, unital C∗-algebras. It was shown by Winter,
[Win08, Theorem 5.1], that a separable, simple, unital C∗-algebra with finite decomposi-
tion rank is Z-stable. Since A is finite, Z-stability implies that sr(A) = 1, see [Rør04]. We
can remove the separability condition using (D6) for the decomposition rank together with
the theory of separably inheritable properties, see [Bla06, II.8.5, 176ff].

Let us summarize our results Theorem 8.17 and Corollary 8.19 as follows:

Theorem 8.21. Let A be a type I C∗-algebra. Consider the following properties:

(1) sr(A) = 1,



A SURVEY ON NON-COMMUTATIVE DIMENSION THEORIES 37

(2) topdim(A) = 1 and A is residually stably finite,
(3) dr(A) ≤ 1.

Then (1)⇔ (2)⇐ (3).

8.22. There is another interesting property related to the ones in Theorem 8.21:

(4) A is approximated by subhomogeneous sub-C∗-algebras of stable rank one.

Since for a subhomogeneous C∗-algebra B, we have sr(B) = 1 if and only if dr(B) =
1, we get the implication (4) ⇒ (3). There is the interesting possibility that actually all
conditions (1)− (4) are equivalent for type I C∗-algebras, but this is not known.

We end this section with an interesting observation which seems not to be in the literature
so far.

Theorem 8.23. Let A be a type I C∗-algebra with sr(A) = 1. Then K0(A) is torsion-free.

Proof. Let (Jα)α≤µ be a composition series for A with successive quotients of continuous-
trace. If B is any continuous-trace C∗-algebra with topdim(B) ≤ 1, then K0(B) is torsion-
free by Corollary 6.17. Note that topdim(Jα+1/Jα) ≤ topdim(I) ≤ 1 for all α. Thus, K0(J1)
and K0(Jα+1/Jα) are torsion-free for all α.

By transfinite induction over α ≤ µ we show that K0(Jα) is torsion-free. Assume K0(Jα)
is torsion-free for all α < β. If β is a limit ordinal, then Jβ = lim

−→α<β
Jα, and conse-

quently K0(Jβ) = lim
−→α<β

K0(Jα) is torsion-free. (An inductive limit of torsion-free groups

is torsion-free, even if the connecting morphisms of the inductive limit are not necessarily
injective).

If β has a predecessor β − 1, then Jβ is an extension of Jβ−1 and Jβ/Jβ−1, and sr(Jβ) = 1.
Then the index map δ : K1(Jβ/Jβ−1) → K0(Jβ−1) vanishes by Proposition 8.12. The six-
term exact sequence in K-theory for this extension is:

K0(Jβ−1)
f // K0(Jβ)

g // K0(Jβ/Jβ−1)

��
K1(Jβ/Jβ−1)

0

OO

K1(Jβ)oo K1(Jβ−1)oo

Let H denote the image of g, i.e., the subgroup of K0(Jβ/Jβ−1) that lies in the kernel of the
index map from K0 to K1. Note that H is torsion-free. Then K0(Jβ) is an extension of two
torsion-free groups, namely K0(Jβ−1) and H , and therefore torsion-free itself.

It follows that K0(A) = K(Jµ) is torsion-free. �

9. EXAMPLES

Example 9.1. Let T denote the Toeplitz algebra. It is the universal C∗-algebra generated
by an isometry. Let S be the unilateral shift (on a separable, infinite-dimensional Hilbert
space H). Then the Toeplitz algebra can be realized as T ∼= C∗(S) ⊂ B(H). There is a
natural short exact sequence

0→ K→ T → C(S1)→ 0.
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This allows us to compute topdim(T ) = max{topdim(K), topdim(C(S1))} = max{0, 1} =
1. By [Rie83, Example 4.13], we have sr(T ) = 2. Since T is not finite, we also get gsr(T ) =
csr(T ) = 2.

We have dr(T ) =∞, since T is not quasidiagonal. We also have dimnuc(T ) ≤ dimnuc(K)+
dimnuc(C(S

1)) + 1 = 2, by [WZ10, Proposition 2.9], see also 5.8. It follows that the Toeplitz
algebra has nuclear dimension 1 or 2, and the exact value is not known.

Example 9.2. Let S be the unilateral shift (on a separable, infinite-dimensional Hilbert
spaceH). LetA := C∗(S∗⊕S) be the sub-C∗-algebra ofB(H⊕H) generated by the operator
S∗ ⊕ S (just as the Toeplitz algebra is T = C∗(S)). Then A is a stably finite, separable, type
I C∗-algebra A (see [Bla06, V.4.2.4.(iii), p.461]) which fits into two extensions

0→ K⊕K→ A→ C(S1)→ 0

0→ K→ A→ T → 0.

From the first extension we easily get topdim(A) = 1. From the second extension we get
sr(A) = csr(A) = 2, by 3.10 and 3.11. Since A is finite, we have gsr(A) = 1.

We have dr(A) =∞, sinceA is not residually stably finite. We get dimnuc(T ) ≤ dimnuc(K)+
dimnuc(T ) + 1 = 3, by [WZ10, Proposition 2.9], see also 5.8.

We list the dimension theory of some particular C∗-algebras (or classes of C∗-algebras) in
the following table:

AF C(S1) C(D2) T C∗(S ⊕ S∗) On O∞

sr 1 1 2 2 2 ∞ ∞
csr 1 1 1 2 2 ∞ 2
gsr 1 1 1 2 1 ∞ 2
rr 0 1 2 1 1 0 0

topdim 0 1 2 1 1 ∞ ∞
dr 0 1 2 ∞ ∞ ∞ ∞

dimnuc 0 1 2 1,2? 1,2,3? 1 1
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