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Introduction

Throughout, X will be a compact metric space, G will be a countable
amenable group, and T will be an action of G on X, expressed as a
homomorphism g + T, from G to the homeomorphisms of X.

Conjecture

Assume that T is essentially free and minimal. Then the mean dimension
mdim(T) and the radius of comparison rc(C*(G, X, T)) (both described
below) are related by rc(C*(G, X, T)) = %mdim(T).

The inequality rc(C*(G, X, T)) < 4mdim(T) is now known for some
special classes of groups G. (Work of Niu.) However, very little is known
about the opposite inequality: we really only know about some special
examples with G = Z, the minimal subshifts of Giol and Kerr, and even for
those we don’t know that the expected lower bound is actually correct.
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Introduction (continued)

Conjecture

If T is essentially free and minimal, then rc(C*(G, X, T)) = 3mdim(T).

In this talk, we discuss an approach to getting lower bounds (not as good
as the conjecture says, but at least nontrivial) for general (G, T), using
rational cohomology.

We only need G to be amenable, and we don't use either minimality or
any kind of freeness.

Our results show that various examples of such crossed products really are
in the class described in one of the talks yesterday as “mysterious” (or
even “nasty”).
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Reminder of the definition of the radius of comparison
Definition

Let A be a C*-algebra. For a, b e My (A),, we write a <4 b if there is a
sequence (V)52 in My (A) such that lim,_,o vabv) = a.

Definition

Let A be a unital C*-algebra, and let 7 € QT(A). Define
dr: My(A)y — [0,00) by d,(a) = lim,_q 7(a%").

Definition

Let A be a unital C*-algebra. For r € [0,00), say A has r-comparison if
whenever a, b € My (A); satisfy d-(a) + r < d-(b) for all 7 € QT(A), then
a <a b. Then the radius of comparison of A is

rc(A) = inf ({r € [0,00): A has r-comparison})

if it exists, and oo otherwise.

v
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Mean dimension 1: Open covers; order

Throughout, X is a compact metric space, and U and V are finite
collections of open subsets of X. For the definition of mean dimension
they will be covers of X, but for later use we do not want to require this.
Rather, we do the following.

Definition

Let Y < X be closed. An open cover of Y is a finite collection U of open
subsets of X whose union contains Y.

Definition

Let U be a finite collection of open subsets of X (not necessarily a cover).
The order ord(U) of U is the least number n € Z~ such that the
intersection of any n + 2 distinct elements of I/ is empty.

For example, a cover by disjoint open sets (as is expected in a zero
dimensional space) has order zero.
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Mean dimension 2: Refinement: dimension

Open cover of Y < X: finite collection U of open subsets of X whose
union contains Y.

ord(Uf) is the least n € Z~¢ such that the intersection of any n + 2 distinct
elements of U is empty.

Definition

Let X be a compact metric space, let Y € X be closed. and let &/ and V
be finite open covers of Y. Then V refines U (over Y) if every set in V is
contained in some set in U.

The union of the sets in ¥V might be smaller than the union of the sets
in U, but must still contain Y.

Definition

Let X be a compact metric space, let Y € X be closed, and let U be a
finite open cover of Y. Then Dy (U) is the least possible order of any
refinement of U over Y. Write D(U/) if Y = X.
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Mean dimension 3: Joins and images
Definition

Let X be a compact metric space, and let &/ and V be finite collections of
open subsets of X (not necessarily covers). Then the join U v V of U and
Vis

UvY={UnV:Uecl and VeV}.

If U covers Y < X and V covers Z < X, then Y v V covers Y n Z.
Definition

Let X be a compact metric space, let I/ be a finite collections of open
subsets of X, and let h: X — X be a homeomorphism. We define

hU) = {h(U): Ueu}.

If U covers Y < X then h(U) covers h(Y).

Inverse images under continuous maps are defined similarly.
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Mean dimension 4: Definition
Now we consider only open covers of X.

Recall: ord(Uf) is the least n € Z~¢ such that the intersection of any n + 2
distinct elements of U is empty; D(U) is the least order of any refinement
of U vV ={UnV:Uel and V € V}; and h(U) is taken setwise.
Definition

Let X be a compact metric space and let h: X — X be a
homeomorphism. Denote by Cov(X) the set of finite open covers of X.
Then the mean dimension of h is

mdim(h) = sup lim DUV U v - v h—n+1(u)).

UeCov(X) "X n

(One needs to check that the limit exists.)

In fact, mean dimension makes sense for an action T of an arbitrary
countable amenable group, using Fglner sets in place of intervals in Z. We
omit the details, but call it mdim(T) and refer to it later.
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Mean dimension 5: The shift

DU~V hYU) v - v U
mdim(h) = sup lim @y U)v---v ( ))
UeCov(X) "X n

The expression D(U v h™2(U) v --- v h~"T1(Uf)) tells you how much of
the dimension of X one sees starting with I/ and applying h a total of n
times. So we are looking at the “linear rate of growth of dimension with
iteration of h".

The basic example is the shift on K€ for a compact metric space K,
given, for x = (xs)peG € K€, by Th(x)g = Xp-14. If K is a finite complex,
then one can check that mdim(T) = dim(K). The simplest case is to take
U to be the inverse image of an open cover of K under one of the
projection maps K¢ — K. This depends on dim(K") = ndim(K).

The shift is of course not free and not minimal. For example, it has fixed
points.
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Mean dimension 6: Minimal subshifts
The shift on K€ is Tj(x)g = x4-1,. Not free and not minimal.

The known minimal examples nonzero mean dimension (first construction
by Lindenstrauss and Weiss; most general by Dou) are subshifts. Here is a
brief description of the idea, for G = Z. Let K be a finite complex.

Start with KZ. Choose a “thin” arithmetic progression, and restrict to
these sequences whose n-th coordinate is a particular point for each n in
the chosen progression. Take the union of the translates of this under Z.

Repeat this process with a much “thinner” arithmetic progression and a
suitable choice of points. Do this infinitely often, and take the decreasing
intersection X of the subsets one gets.

This construction gives a density parameter p, a subset J G with density
p (what is left after deleting all the arithmetic progressions used), and a
point z € K©, such that if y € K¢ and yg = zg for all g € G\J, then

y € X. In particular, there is (with abuse of notation) a copy of K7 in X.

The resulting subshift has mean dimension pdim(K).
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Cohomological dimension
Definition

Let X be a compact metric space and let R be an abelian group. The
cohomological dimension of X with respect to R is

dimg(X) = sup({n € Z>o:
there is a closed subset Y = X such that IjI”(X, Y;R) # 0})

v

To see that this isn't off by one, let X = B", the closed unit ball in R”, let
Y = §"71 = 9B", and consider the long exact sequence

RN I\_?n—l(Bn; R) —> /\'7”_1(5"_1; R)
N ﬁn(ansn—l; R) _ HH(BH; R) - ...
Ihe first and last groups shown are zero, and I:I”_I(S”_l; R) ~ R, so
H”(B”,S”_l; R) ~ R.

It is known that dimg(X) < dimz(X) < dim(X).
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Cohomological dimension (continued)

dimg(X) = sup({n € Zo:
there is a closed subset Y — X such that IjI”(X, Y;R) #0}).
It is known that dimg(X) < dimz(X) < dim(X). If X is a finite complex,

then dimg(X) = dim(X) for any R # 0. If X is finite dimensional, then

dimz(X) = dim(X). But dimz(X) = 3 and dim(X) = oo can happen, and
dimg(X) < dimz(X) can happen.

Theorem (Elliott-Niu)

Let X be a compact me

re(C(X)) = <

tric space. Then

(dimg(X) — 1

. -1 dimg(X) is odd
d|m+()() -2 dimg(X) is even
o0 dimg(X) = .

\
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Cohomological dimension (continued)

Theorem (Elliott-Niu; roughly stated)

Let X be a compact metric space. Then rc(C (X)) is at least about
3 dimg(X) — 2.

For any compact metric X, it is known that rc(C(X)) < 3(dim(X) — 1)
(unless the right hand side is negative, in which case rc(C(X)) = 0).

For finite complexes, dim(X) = dimg(X), so Elliott and Niu give lower
bounds for rc(C(X)) in terms of dim(X). For general X, there are no
known nontrivial lower bounds for rc(C(X)) in terms of dim(X).

Heuristically, the idea of the proof is to construct complex vector bundles
over a suitable closed subset Y < X with bad comparison properties,
interpret them as projections in M,(C(Y)) for sufficiently large n, and
extend to positive elements in M,(C(X)). The choice of dimg(X) rather
than dimz(X) (which is sometimes bigger) is dictated by the fact that the
Chern character takes values in H*(X;Q), not in H*(X;Z). One can't use
K-theory instead, because it is only Z/27Z-graded.
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Mean cohomological independence dimension
Definition

Let G be a countable abelian group, let X be a compact metric space, and
let T be an action of G on X. Let k € 27Z. For d € R we say that
mcidy(T; Q) = d if the following happens.

For every £ > 0 there are a closed subset Y < X, a finite collection U of
open subsets of X which covers Y, such that Dy (U) € {k, k + 1}, and
ne I:Ik(Y;U; Q) (Cech classes using U) such that for every finite subset
Go < G and every ¢ > 0 there are a (Gp, d)-invariant nonempty finite set
F < G and a subset Fy — F for which:

© The cup product of T;(n), over all g € Fo, which makes sense as an
element of I:I"'CE"'d(":O)(ﬁge,_-0 Tg_l(Y); Q), is nonzero.
k - card(Fp)

d—
card(F) ~ ¢

(One can use other rings in place of Q.)
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Why subsets of X and the Fglner set?

The condition:

For every £ > 0 there are a closed subset Y — X, an open cover U of Y,
with Dy (U) € {k, k + 1}, and € H*(Y;U; Q) such that for every finite
Go < G and every ¢ > 0 there are a (Gp, d)-invariant nonempty finite
F < G and Fy < F for which:
© The cup product of T;(n), over all g € Fo, is nonzero.
k - card(Fp)
————~>d—c¢.
card(F) ©

Recall that our collections of open sets need not cover X. Then Dy (U) is
the least order of a refinement of U over Y. We need nontrivial

cohomology, so, as in the definition of cohmological dimension, we need to
use closed subsets Y — X. (For example, maybe X = [0,1]€.)

Unlike for the full shift, we can’t expect the cup product of Tg*(n), over all
g € F, to be nonzero. We can only require this to happen for a subset

Fo c F, preferably of large “density”. The left hand side in (2) is density
times dimension in cohomology. (This causes unexpected trouble later.)
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Subshifts
The condition for mcidy(T; Q) > d:

For every £ > 0 there are a closed subset Y < X, an open cover U of Y,
with Dy (U) € {k, k + 1}, and € H*(Y;U; Q) such that for every finite
Go < G and every ¢ > 0 there are a (Gp, d)-invariant nonempty finite

F < G and Fy < F for which:

@ The cup product of Tg*(n), over all g € Fy, is nonzero.
k - card(Fp)
card(F)

The construction of minimal subshifts gives a density parameter p, a
subset J — G with density p, and a point z € K©, such that if y € K¢ and
Yg = Zg for all g € G\J, then y € X. In particular, there is (with abuse of
notation) a copy of K7 in X.

>d—e.

In the conditions for mcid,(T; Q) > d for this kind of subshift:
@ The set Y will be the inverse image of a copy of S¥ in K under one
of the coordinate projections K¢ — K.
@ Given F, the set Fg will be F n J.
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Why rational coefficients?

For every € > 0 there are a closed %Jbset Y < X, an open cover U of Y,
with Dy (U) € {k, k + 1}, and 1 € H*(Y;U; Q) such that for every finite
Go < G and every § > 0 there are a (Gp, §)-invariant nonempty finite

F < G and Fy < F for which:

@ The cup product of T;(n), over all g € Fo, is nonzero.
k - card(Fp)

d—ce.
card(F) - ©

We need rational coefficients (just like in Elliott-Niu) to get from a
cohomology class to a vector bundle (plus technical details). The Chern
character is an isomorphism from rational K-theory to rational
cohomology. To make it additive instead of multiplicative, one needs
complicated rational polynomials in the Chern classes.

We need our vector bundle to have no Chern classes in degree greater
than k. (Reason later if time.) Having Dy (U) € {k, k + 1} does this: all
higher even cohomology from this cover is zero.
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Lower bounds from mcid(T)

Theorem

Let G be a countable amenable group, let X be a compact metrizable
space, and let T be an action of G on X. Let k be an even integer. Then
re(C*(G, X, T)) = mcidy(T;Q) — 1 — k/2.

For Dou's subshifts, this gives the following.

Corollary

Let G be a countable amenable group, let Z be a polyhedron, and let
€ (0,1). Let (X, T) be Dou's minimal subshift of the shift on Z¢ with
mdim(T) = dim(Z)p. Then

((C*(G, X, T)) > %mdim(T) (1 - 1%) sy

v

If p is close to 1, this lower bound is nearly %mdim(T) — 2. It says nothing
if p<3
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Symmetric mean cohomological independence dimension
Definition

Let X be a compact metrizable space, let G be a countable amenable
group, and let T be an action of G on X. Let k € 2Z. Then

smcidy(T; Q) is the largest d € [0, 0) such that the following happens.
There are a finite open cover U of X such that Dx(U) € {k, k + 1} and
ne Ijlk(X;Z/{; Q) (Cech classes using U), such that for every finite subset
Go < G and every € > 0 there are a (G, €)-invariant nonempty finite set
Fc Gandre{0,1,2,...,card(F)} for which:

Q@ The r-th elementary symmetric polynomial o, ((T7(1))ger) is
nonzero.

Compare what we require to be nonzero: U,((Té‘.< (1)) gerF) € I-vlkr(X; Q)

now, and g\e7—'0 T;(Tl”mheﬁ) Th—l(y) c Hk~card(Fo)(mgeF0 Tg_l(Y); Q) before.
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Symmetric version vs. original version
Compare what we require to be nonzero:

o ((TE(1))ger) € H¥(X; Q)

now, and

[ 1k-card(Fo)
g\e_;_OT()’ﬂheFT(y)eH 0(ﬂT )

geko
before.

One should think r = card(Fp) and Y = X. In the new version, we avoid
the loss that comes from not knowing what happens with the coordinates
in F\Fo. However, in the new version, if Y # X then we must take

or((Tg (1)) ger) € ﬁk’( N Tgl(Y);Q>-

geF

T, YY) = @, so there is F c G finite such

If the action is minimal, ﬂgeg g

that (Ve T4 H(Y) = @.
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Lower bounds from smcid(T)

Theorem

Let G be a countable amenable group, let X be a compact metrizable
space, and let T be an action of G on X. Let k be an even integer. Then
rc(C*(G, X, T)) = smcidy(T; Q) — 1.

For Dou's subshifts, this gives the following.

Corollary

Let k be a strictly positive even integer, let Z be a k-dimensional
polyhedron such that I:Ik(Z;Q) # 0, let G be a countable amenable
group, and let p € (0,1). Let (X, T) be Dou’s minimal subshift of the shift
on Z¢ with mdim(T) = dim(Z)p. Then

((C*(G, X, T)) > %mdim(T) Y

v
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Part 1 of the argument: analysis

The following lemma (stated for projections instead of positive elements
for simplicity) gets noncomparison in the crossed product from
noncomparison of direct sums of group translates in matrices over C(X).

The cohomology conditions give information about noncomparison of
direct sums of group translates in matrices over C(X).

Lemma

Let T be an action of G on a connected compact metric space X. Let
a: G — Aut(C(X)) be the corresponding action on C(X). Set
A=C*(G,X, T). Let ne Z-g. Let p,g e M,(C(X)) be projections,
suppose that g is a constant projection, and suppose that p <5 g. Then
for every € > 0 there are nonempty finite subsets P, Q@ — G such that
card(Q) < (1 + ¢)card(P) and

@(ldM,,@oz @q

geP gEQ

v
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Part 2: direct sums of group translates

For simplicity, consider the shift on (S¥)¢ with k even. For a complex
vector bundle E over a connected space X, recall the Chern classes

¢i(E) € H¥(X;Z) and the total Chern class

c(E)=1+cal(E)+ -+ c(E), with r = rank(E). Further recall the sum
formula (cup product on the right): c(E@® F) = c(E)c(F), and that if F
is trivial then c(F) = 1. Let ¢ be a generator of HX(S*;7Z). There is a
vector bundle Ey over S¥ with (complex) rank k/2 such that

c(Eo) = 1+ me with m # 0.

Over (S%)" take the direct sum E of the pullbacks of Eg by the projections
to the factors. The ring Fl*((Sk)”;Z) is commutative and generated by
the corresponding pullbacks €1, €2, ..., &, of €, with the relation 5% =0 for
all 1. So ¢(E) =T1/_1(1 + me)). If E®F is trivial, then

c(F)TT-1(1 + me;) = 1, which implies that c(F) = [[;_;(1 — me)).
Since this has a nonzero term (—m)"e1e, - - - €, in degree kn, it follows
that rank(F) > nk/2.
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Radius of comparison for the shift

In the lemma, take p to be the projection on the pullback of Ey by the
projection map to one of the factors. Take g to be a trivial projection.
The lemma gives P and Q such that card(Q) < (1 + ¢)card(P) and

(‘D('dMn®04 (—Dq

geP geqQ

So, by the previous slide at the first step,

kcard(P) < rank(qg)card(Q) < (1 + ¢)rank(q)card(P).

Since ¢ > 0 is arbitrary, we get rank(q) > k. That is, if we take a trivial

projection g of rank less than k, the rank k/2 projection p is not
Murray-von-Neumann subequivalent to g in the crossed product.

N. C. Phillips (U of Oregon) Lower bounds on the radius of comparison 16 July 2021

26 / 26



